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Chemistry. — “ÜUrease and the radiation-theory of enzyme-achon . 
By Dr. H. P. BARENDRECHT. 


(Communicated in the meeting of February 22, 1919). 


1. Since the discovery by - TaxkvchHı of urease in the Soja-beans an 
exceptionally useful material for the study of enzyme-action has 
been at our disposal. The enzyme as well as the pure substrate, 
urea, are now readily obtainable in unlimited quantity. The estima- 
tion of the reaction products can be carried out easily and accurately, 
an important condition for success in pioneerswork, where innume- 
rable analyses have to be made. \ 

This chance of solving to some extent the great riddle of enzyme- 
action has therefore attracted many workers during the last few years. 

Marshatu (J. Biol. Chem. XVII, p. 351, 1914) has found, that 
in this case also the action is proportional to the concentration of 
the enzyme. 

The Armstrong’s, Horton and Bewsamın (Proc. Roy. Soc. 1912 
and 1913) have made extensive empirical studies, from which they 
drew the conelusion, that ammonia retards, but carbonie acid 
accelerates the reaction, a surprising result, which others also state 
to have found. As will be seen from the present paper, pure 
chemical empirieism here leads to false eonelusions. 

A first endeavour to theoretical as well as to experimental study 
of the action of urease was made by DonaLD van Suykr and his 
collaborators (J. Biol. Chem. XIX, p. 141, 1914). 

To clear the field it is necessary to pass some critieism on this work. 

The theory of these authors and all their further work are based 
prineipally on three experiments. In experiments 1 and 2 “the effect 
of concentration of urea, enzyme concentration being constant” and 
“the effect of decreasing urea concentration on reaction, as the latter 
approaches completion” were investigated. As in these experiments 
the considerable changes in concentration of the hydrogen-ions were 
left out of consideration, notwitbstanding the authors themselves have 
further on become aware, that the urease activity is dependent in 
a high degree on the H-ion concentration, it is no wonder, that they 
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tried to found the “formulation of the nature and course of the 
reaction” especially on experiment 3, in which phosphates acted .as 
a buffer against large changes of the true acidity. 

Since the results, as published, of this experiment, were incompa- 
tible with the experiments and theory of the present papers, the 
author has recalculated them on the basis of van SruKR’s own theory. 

The remarkable conelusion is, that even van Sıukr’s own basal 
experiment was not at all in accordance with his own theory, the 
c being clearly far from constant: 


TABLE III of van SLUKE. 
FO 560: 
En En en 


wa; | x. ° | 088c= | 044 
Concentration |0,01N NHzcalc.| 001 N NH, | d nu d: SEVLE 
urea. ı for complete | en dEt_x "Sax dEix' a_r 
‚decomp. of urea. jacc. to v.SLIJKE., recalculated 
per cent CC. | 
0.035 12.5 | 5.8 | 0.055 0.056 
0.075 | 25. 10.4 | 0.058 | 0.059 
0.15 50.— 15.5 Ve 0.054 
0.3 ı ..100.— | 207 0.052 | 0.054 
0.6 200.— 24.8 DB 0.048 
1.2 400.— a | 0.052 | 0.039 
2.4 800.— 28.5 ea | 0.032 ° 


2. The general equation of urease action. 


The investigations, published in this paper, were again based on 
the author’s hypothesis, that an enzyme acts by radiation and that 
an enzyme particle contains the same molecule, which is liberated 
or acted upon by this enzyme, in some active state. In his first 
papers on enzyme action (Proc. K. Akad. Wetensch. Amsterdam 
1904; Zeitschr. physikal. Chem. XL, p. 456, 1904; Biochem. J. VII, 
p. 559, 1913) the author has already suggested, that the radiation, 
by which enzymes exert their action, is due to the electrons, forming 
part of the atoms. The recent development of the electron theory 
of matter bas revealed, that, every atom being a complex of positive 
and negative electrical units, ‚all chemical action is in reality an 
electrie phenomenon. In a general way it may be stated, that in 
an atom the electrons, moving round the positive nuclens, will 
have some effect e.g. of electromagnetic induction on other atoms 


in their neighbourhood. 
73* 
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If all the atoms, constituting a molecule, receive this radiation 
from a similar molecule at the same time in the required phase, 
the reactivity of the molecule as a whole can be expected to have 
changed. A small increase of the vibration of the molecule may 
increase its power to enter into combination (this point will be 
treated further on), a large elevation. may tear it out of a compound 
with other molecules. 

However, the author wishes not at present to lay much stress 
on the partieulars of his hypothesis. The numerous experimental 
facts, recorded in these papers, for a great deal only revealed by the 
aid of this guiding hypothesis and which we have all coordinated 
by drawing their consequences, will prove its usefulness. 

The radiation, by means of which urease acis on urea, thus ori- 
ginates from the enzyme molecule and is able to exert its hydroly- 
sing effect to a certain distance, probably microscopically small. 

When this urease-radiation strikes a urea-molecule, it is absorbed, 
just as for instance the specific radiation of a Na-atom is especially 
absorbed by a Na-atom. 

The amount of urea, hydrolysed in a time-unit by an enzyme- 
molecule would therefore be independent of the urea-concentration, 
if the other coustituents of the solution had practically no absorbing 
power towards this radiation. Only with a very small econcentration 
of urea, the radiation might be expected to be, at least partially, so 
much weakened by spreading before striking a urea-molecule, that 
it has lost the power of hydrolysing it. Hence for very dilute solu- 
tions of urea constancy of action of a given quantity of urease 
should not be expected; in these conditions the amount of action 
will be found smaller. 

So far the theory is the same as that, put forward by the author 
previously for the sugar-enzymes. 

A new point of dominating importance, at least in the case of 
urease, is, that the hydrogen-ions proved to be, besides urea, the 
only constituent in the solution, which absorbs this radiation. 

It seems not improbable, that the way in which the H-ions were 
found to interfere with the urease-action will appear to play a part 
also in enzyme-action generally. 

The mathematical formulation of this theory is very simpie and 
gives at once the following differential equation for the reaction 


velocity at constant temperature and constant H-ion concentration: 
FH 


ÖL  une e rte W 
x + ne 0) 
In this equation = is the concentration of the urea (grams per 


—de=m 


1129 


100 e.c.), c is the concentration of the H-ions (also in grams per 
100 c.e.) and n is the coeffiecient of absorption of the H-ions, i.e., 
one gram of H-ions absorbs n times as much radiation as one gram 
of urea. i 

The velocity-constant m for a given temperature and H-ion con- 
centration is proportional to the concentration of enzyme only, if 
both temperature and H-ion concentration are maintained really 
constant. 

Calling the initial urea concentration a, expressed like x and cin 
grams per 100 c.c., putting 


ad—Lt 


substituting this in (1), we get 

a(l— 

u ar 
all—y)+ ne 

After integration and introduction of decimal logarithms the general 


equation for the reaction-velocity of urease at constant temperature 
and constant H-ion concentration becomes 


ady=m 


nc l 
rien Sr u rt) 

3. Determination of the constant n. 

For the estimation of the important constant n it was necessary, 
not only to determine accurately the H-ion concentration c, but also 
to take care, that c and thereby also m (as will be seen further 
on) remained unchanged from beginning to end of the reaction. 
Now, the hydrolysis of urea to ammonium-carbonate is in so far a 
diffieult case for enzyme study, that here by the enzyme-action 
itself a distinetly alkaline substance is formed out of a neutral 
substrate. This production of alkali is so considerable, that even in 
presence of a buffer mixture of 8°/, phosphate only 0.01 °), or at 
the utmost 0.02°/, of urea can be allowed to be transformed, if 
one wants to maintain anything like constancy of pa. 

A study of the kineties of urease-action without tbe addition of 
a powerful buffer to keep the true reaction constant, is evidently 
as useless as working without a thermostat in a room of widely 
changing temperature. 

In fixing the best conditions for the experimental determination 
of this constant n, two considerations determined the choice of the 


Pu Of the regulating phosphate mixture. 
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As m had appeared to be a function of Pa with a distinet maximum, 
the 97 of this maximum would offer the advantage, that here a small 
variation of p7, would produce smaller change in m than elsewhere. 

Secondly, to check the influence of the inavoidable experimental 


nc h 
errors, the coefficient en should not be much larger or smaller 


’ 


1 j 
than a. For, if the coöfficient of log 2% predominates largely, tbe 


reaction praetically corresponds to the ordinary logarithmie line of 
the law of mass action. On the other hand, a being much larger, 
a nearly straight line will appear. 

Therefore in these basal experiments a mixture of Na,HPO, 2 aq 
and KH,PO, was used in such proportion, that the enzyme-action 
would proceed in an 8°/, ‚phosphate mixture of about 94 = 1.3. 

The materials used were the following: 

Ordinary yellow (probably Mantchourian) Soja-beans were pow- 
dered in a small American “Enterprise” mill, slowly turning the 
handle to avoid the heating by frietion, which is otherwise soon 
perceptible. The powder was kept in a common stoppered bottle in 
the dark. 

The KH,PO, and Na, HPO,2aq were the purest compounds from 
Kanusaum, labelled “zu Knzym-studien nach Sörensen’. 

The urea, from KaAuHLBAUM, was recrystallised by the author from 
alcohol of 96 °/,. | | 

Ali experiments in this research were made at a temperature of 
27° C. This temperature is just high enough to allow without difli- 
culty the use of a waterbath of constant temperature nearly the 
whole year round, and, on the other hand, low enough to avoid 
the deteriorating effect of higher temperatures on enzyme activity, 
within reasonable limits of time and true reaction. 

7.28 g. of Na,HPO, 2aq and 2.32 g. of KH,PO, were dissolved 
in a stoppered flask to 100 c.e. 

Into this solution 0.4 gram of Soja-meal was introduced, the flask 
was shaken thoroughly and left in the waterbath of 27° for one 
hour. After addition of 0.4 gram of kiezelgur, which had been 
repealedliy washed and then dried, the extraet was filtered off easily 
and perfectly clear through an ordinary pleated filter. In the mean 
time there had been prepared a solution of 14.4 grams of Na,HPO, 
2aq in 150 e.c. of water in a larger stoppered flask. To this were 
now added 75 c.c. of the clear Soja extract, by which a diluted, 


still perfectly clear, extraet resulted, which will be indieated by the 
letter RE. ui 
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Ten test-tubes of Jena-glass, about 20 cm. long and 2.3 cm. wide, 
had before been placed in the bath. These test-tubes were (as in 
VAN SLYKE’S experiments) elosed by rubber stoppers with two borings. 
Through one of these a glass tube passed, about 30 cm. long and 
4 or 5 m.m. outside diameter, ending near the bottom in a little 
bulb with pinholes. The second boring held a small pipette-like 
tube, with some eottonwool in the narrow end at the top, which 
was meant to prevent the passage of any splashes of the liquid 
with the air-current. 

Each of these test-tubes received 10 c.c. ofthe extraet E. Together 
with the tubes a flask with 0.150 gram of urea, dissolved in 250 
c.c. water, was placed in the thermostat. - 

After equilibrium of temperature had been established, 2 c.c. of 
urea solution were introduced in each test-tube with an accurate 
pipette. Like all the pipettes used in these experiments, this one 
was calibrated for blowing out one minute after the liquid had run 
out, which gives tbe greatest accuracy, provided of course, the 
inside is cleaned beforehand with a mixture of sulphurie acid and 
bichromate. A moment’s stirring through the long tube with air, 
freed from carbon dioxide, ensured complete mixing. Both tubes were 
closed by pieces of rubber tubing and clips. 

The moment the 2 c.c. had run out of the pipette and the con- 
tents of the test-tube had been provisionally mixed by shaking, was 
taken as the starting-point of the enzyme-action. As the 2 c.c. ran 
out of the pipette in a few seconds this point could be determined 
with suffieient accuracy. 

In a wooden. block with two rows of holes (see Figure 1) the 
necessary number of thickwalled glass tubes were kept ready, each 
containing a carefully measured quantity, between 5 and 12 ce., 
of sulphurie acid '/, N, and filled up with water to a height of 
about 7 cm. These tubes were also closed by a rubber stopper, 
through which passed a long tube with pinholes and a short one. 

At the end of the fixed time-interval (or rather about °/, minutes 
before it, as this was within a few seconds, the time required for 
- the next operation till the reaction was considered to have stopped) 
the test-tnbe was taken out of the thermostat and put into the 
wooden block. The rubber tubing B being connected with the glass 
tube, the clip was removed, the closing of the tube A was taken 
off and replaced by a piece of rubber tubing, in the open end of 
which was then put a drop of octylalcohol to prevent foaming. 
Immediately after this the point ofa pipette with about 25 ce. of saturated 
potassium carbonate golution was introduced into this rubber tubing 
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and by blowing out its contents rapidiy and then blowing through 


air for a8 moment, the potassium. carbonate solution was mixed 


Fig..A. 
within a few seconds with the liquid in the reaction tube, stopping 
the enzyme-action abruptly. 

The tube A was then connected with the air-supply and the 
ammonia blown over by a vigorous current of air, washed through 
sulphurie acid. Two hours was proved to be amply sufficient for 
the quantities of liquid used. 

Larger volumes would have been diffieult to handle. 

In order to obtain suffieient aceuracy in estimating these very 
small qnantities of NH, single determinations were not suffieient. 
On two consecutive days identical series of experiments were carried 
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out in duplo, without changing the sulphurie acid tubes. In this 
way each absorbing tube got four times the amount of NH, of one 
test-tube. On each day the Soja extract was freshly prepared as 
described above. 

The necessary correction for the traces of NH,, which might 
have been given off by the Soja-meal, the phosphate or the pot- 
assium carbonate, was determined by placing each day 3 times 10 ce. 
of extract E into 3 empty test-tubes and after the addition of 25 ce. 
of potassium carbonate, blowing over the NH, in the same manner 
into absorbing tubes, filled with 5 ce. of H,SO, '/,, N and water. 
Each of these absorbing tubes thus received 6 times the amount of 
this correction. 

The estimation of p, was made electrometrically in the air-thermo- 
stat of 27°, as described further on in this paper. 

In the present case for 10 cc. extract Z, mixed with 2 ce. water 
Pa = 7.515. 

10 ce. of extract Z, mixed with 2 cc. of urea solution (0.06 °/,) 
after 4 hours standing at 27° gave py = 7.525. 

As the pz on a total hydrolysis of 0.01°/, urea in 8°/, phosphate 
showed the slight increase of 0.01, it was taken here as 7.52. 

The titration was carried out directly in the wide absorbing tube 
with !/,. NNaÖH, prepared shortly . before with distilled water, 
freed from carbon dioxide and '/,, NNaOH solution, prepared and 
and kept free from CO,. 

A very dilute solution of sodium alizarin sulphonate proved again 
to be the best indicator for NH, estimations. Cleaning of burettes 
and pipettes with bichromate and sulphurie acid directly before use 
is absolutely necessary in this kind of work. 


Jan. 17—18 1917. TABLE 1. (Fig. 2 A) 
0.01 %/, urea. pr = 1.52 
u a 
1 
1 1 l.,\ccN 1 
ar .C. = 0,0327 lo 0,01 
re ec. 55 N c.c 50 cc 50N h nn ae: 2iytr ‚Oly 
"| H3SO, | NaOH NH; | correct. = t 


TT—TTTTTT———— en ————— 


20 10 8.1 1.9 1.78 10.223 0.000290 
30 10 1.3 | 2 2.58 |0.323 0.000292 
50 10 6.2 3.8 3.68 [0.46 0.000267 
70 10 4.8 922. 1.9.08 0.635 0.000295 
90 10 4.0 6.0 | 5.88 |0.735 0.000291 


110 12 5.31.| 6.63 -| .6.51 |0,814 0.000291 
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As will be also seen in Fig. 2 A the point for t= 50 falls outside 
the curve and is evidently erroneous. 
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Fig. 2. 
By combining the pairs of values, which are sufficiently wide 


NE 


- 1 1 
art on this eurve, th tio = l 0,01 
apart o £ ılS curve e equation m 3 (a 0g 1% 4 iv) 


nc 
0,434 
The eoncentration of the hydrogen-ions in this equation had to 


gives the following figures for (Table 2). 
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TABLE 2. 


20 and 90 | 0.0314 
20 and110 | 0.0318 
30 and 90 | 0.0335 
30 and110 | 0.0334 


mean 0.0327 


be expressed in the same units as the concentration of the urea, 
in grams per 100 ce.c. As p7 = 17.52 means a hydrogen-ion concen- 
tration of 10-8 x 3,02 in the usual units, grammolecules per Litre, 
we have here 10-3 x 0,302 g. H. in 100 c.c. 

From this n = 0,047 x 10°. 

In order to show, that in these estimations a high accuracy is 
wanted, but is hardly to be expected in the result, and that the 
deviations are within the limits of experimental errors, we may, 


NG 
for instance, ealculate Fi assuming that for {= 20 the titration 


9 


had given 8.05 instead of 8.1. 


From \ 
4 nc 1 nc 
ze 2 20,5768 + 0,00735 ) = — 0,1128 + 0,00229 
20 (ar een ) 90 (Si ) 


nG 
f —— — 0,0426. 
would then follow Ee 


’ 


Considering, that the two small samples of Soja-meal, weighed 


-Jan. 31st 1917. TABLE 3. ‘ (Fig. 2 B) 
a a en 
1 1 1 | EN 1 
t cc. —N| cc N| c.c...N 50 0,0302 log = —— + 0,019 
minutes. en = 2 NH; en er 
H,S0O, | NaOH NH3 correct. t 
20 5 4. 03 0.97 0.94 0.235 0.000293 
50 5 2.92 2.08 2.05 0.513 0.000291 
70 5 2233 2.65 2.62 0.655 0.000293 
90 5 1.95 3.05 3.0282.0,.455 0.000289 
110 5 1.62 3.38 | 3.35 10.838 0.000293 
130 5 1.40 3:60 | 3.57 |0.892 | 0.000293 
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off on two consecutive days might not have been absolutely equal, 
the author made a new set of experiments, in which only the two 
series of the same day were combined. (Table 3). 


From this table was caleulated: 
TABLE 4. 


EEE ZEIT EEE 


nc 
0.434 


20 and 50 | 0.0343 
20 and 110 | 0.0301 
20 and 130 | 0.0302 
50 and 110 | 0.0282 
50 and 130 0.0287 
70 and 110 | 0 0298 
10 and 130 | 0.0300 


mean 0.0302 


The measurement for 90 minutes contains, as will be seen in the 
m-column of table 3 a comparatively large experimental error. 
Therefore the values, caleulated with the aid of this estimation have 
been discarded from table +. 

Since of the many experiments of this kind that the author has carried 
out, this series was the most sucessful one, as to regularity, and in 
view of the. smallness of the numbers, which had to be determined 
by titration, had given also a perfectly satisfactory result, the final 


value of =, was taken to be 0,0302. 


From this it follows, that 
n — 0,043 x 10° 
which value is used throughout in the course of this study and is 
confirmed indirectiy by the important numerical relations, which will 
be developed with the aid of it in the following parts. 


4. Experimental verification of the general equation of urease- 
acheon. 
Activity of enzyme dependent on true reaction of the solution. 
Experimental evidence will be brought forward in this part to 
show, that tbe formula 
N 


1 
N 2 
a 
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is really the general equation of urease-action at constant tempe- 
rature and constant H-ion concentration. 
£ nC 
0,434 
must be expected to be practically a straight line. On the other hand 
the logarithmie curve of the simple law of mass action will appear 


to represent the course of the reaction in more acid solutions, where 
nt 


0,434 

By changing the proportion of Na,HPO, %2aq and KH,PO, in the 
8°/, phosphate mixtures a great range of constant H-ion concen- 
trations could be covered. To secure tlıe constancy of pzhroughout 
the course of the reaction, it was necessary to work always with 
0.02 °/,, or better still with 0.01 °/, urea solutions. Since 12 c.e. of 
0.01 °/, contain only 1.2 mg. of urea, this means, that in all these 
experiments the degree of hydrolysis of 1.2 mg. urea had to be 
determined by single measurements, a serious disadvantage, which, 
however, had to be put up with in view of the dominating impor- 
tance of constant H-ion concentration. 

The same high degree of accuracy, as was absolutely necessary 
in the determination of the constant n, is not to be expected here, 
nor, happily, is it required. 

A second object of these experiments was to determine m in the 
solutions of different acidity, when equal or comparable amounts of 
enzyme were present or in other words to investigate m as a function 
of pr- 

To get comparable amounts of enzyme in the solutions the following 
simple method proved to be efficient. 

Some 500 grams of powdered Soja-beans were kept stored for 
this purpose in a stoppered bottle, shut off from the influence of 
light in a eupboard, and simply mixed now and then by shaking 
in the course of these experiments, which lasted several months. 

The quantity of Soja-meal required was always weighed off and 
extracted on the day of the experiment with the same nearly neutral 
solution of 7.28 gr. of Na,HPO, 2 aq-+ 2.32 gr. of KH,PO, per 
100 cc. of water. This extraction was performed by mixing Soja- 
meal and phosphate-solution in a stoppered flask, shaking through 
thoroughly, leaving it for one hour in the water-thermostat at 27°, 
adding kiezelgur of the same amount as the Soja-meal, and filtering 
rapidliy through an ordinary pleated filter. Invariably, without any 
diffieulty, a clear solution was obtained, slightly opalescent if large 
quantities of Soja-meal had been employed. The working solution 


is small, compared to a, evidently the reaction ceurve 


predominates largely over a small value of a. 
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was then prepared by mixing this filtrate with the required volume 
of 9.6°/, solution of Na,HPO, 2aq and KH,PO,. A row of Jena 
test-tubes, each with 10 cc. of this liquid, was placed in the thermo- 
stat together with a 250 or 500 ce. flask with a 0.12 °/, or a 0.06 °/, 
urea solution, in short, the same methods were followed as described 
above in the determination of the constant n. 

Some preliminary experiments had shown, that m, as caleulated 
with our formula, was small at low and at high H-ion concen- 
tration, and that two hours’ standing at 27° was already somewhat 
destructive to the enzyme in distinctly alkaline solution, not, however, 
in acid ones. 

Unless the acidity has been too high, the diminution of the urease- 
activity by acids is a reversible process, like the neutralisation of a 
basic substance. 

This fact was established by experiments, the particulars of which 
will be omitted here for want of space. 

In Sept. 1916 the following series of experimenis was made with 
0.02 °/, urea. The correetion for the traces of NH,, developed from 
the materials employed, wäs estimated in the ordinary way by col- 
lecting these small quantities from 3 tubes, each with 10 ce. extract, 
in the same absorbing tube with 5 ce. H,SO, '/,. N. 

In order to meet the possible objection, that the enzyme might 
have suffered by the influence of time, temperature and true reaction, 
in both the last experiments a tube with 10 e.c. of the same mixture 
as contained in the other ones, was left for 4 hours in the bath 
before introducing into it 2 e.c. of urea solution. After 60 minutes 
the same amount of urea was found to have been hydrolysed as 
recorded in tables 10 and 11. As mentioned before and as will be 
demonstrated more extensively further on, the stability of urease is 
still greater at lower py. 

These experiments already confirm the theory. At high H-ion 
concentration the course of tbe reaction, as seen by comparison of 
the last columns, is praetieally identical with that which can be 
represented by the law of mass-action. The lower this concentration, 
the more it deviates from it and approaches to a straight line, just 
in the same degree, as predieted by the formula: 


nc 1 


Bra 


[2 


Mm 


By taking as the unit of urease concentration 1 gram.of Soja 
to 150 ce. total 9.6°/, phosphate solution and redueing to this the 


50 .c.c. filtrate mixed. with 100 c.c. water + 


Emm nen an Ze Be Tas BEER and su Ze Be SS Te De Sen se m Dan a eur 


3 gr. Soja in 100 c.c. 
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TABLE 5. 


pH =6.13 


1.28 gr. Na,HPO, 2 ag. 
2.32 gr. KH,PO, 


1.92 gr. Na,HPO, 2 ag. 
1.68 gr. KH,PO, 


minutes, 


50 c.c. filtrate mixed with 100 c.c. water + 


8.65 
8.45 


8.05 


3 gr. Soja in 100 c.c. 


1 


c.c. NaAVH Er N cc. NH; 50 N 
. corrected. 


0.6 
0.8 


1.45 
11 
1.85 
21 
2.2 
2.4 


3% 
m= 


0.5 


10.20] 
0.25 
| 0.31 | 
0.36 
0.425 
0.46 
0.525 
0.55 


0.60 


| 
I 


0,714 log 


KIT 
1-y 


—-0,02y 


log 5 


£ 


0.00090 
0.00082 
0.00079 
0.00082 
0.00082 
0.00087 
0.00084 
0.00090 
0.00083 
0.00081 


Mean 0.00084 
4 x 0.00084 = 0.00028. 


TABLE 6. 


1.28 gr. Na,HPO, 2 ag. 
2.32 gr. KH,PO, 


£ 


0.0018 
0.00108 
0.00104 
0.00107 
0.00108 
0.00114 
0.0011 
0.00120 
0.00110 
0.00107 


3.84 gr. NaHPO, 2 ag. 
5.76 gr. KH,PO, 


PH = 6.40 

Be od nseNtuN e 0,394 log, +002y| log, 

minutes. 50 | corrected. m= t ae 
30 9.3 0.6 0.15 0.00103 0.0023 
60 8.8 1.1 0.275 0.00101 0.0023 
90 8.4 1.5 0.375 0.00098 0.0023 
125 7.95 1.9 0.488 0.00100 0.0023 
150 1.6 2.3 0.575, 0.00105 0.0025 
180 7.4 2.5 0.625 0.00101 0.0024 
215 221 2.8 0.70 0.00102 0.0024 
240 6.95 2.95 0.738 0.00102 0.0024 
270 6.75 3.15 0.788 0.00104 0.0025 
300 6.6 773.3 0.825 0.00105 0.0025 


Mean 0.00102 
+ x 0.00102 = 0.000934. 


0.75 gr. Soja in 100 e. | 
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TABLE 1. 


50 c.c. filtrate mixed with 100 c.c. water + 


t 
minutes, 


20 
40 
60 
80 
100 
120 
150 
180 
210 


17.28 gr. Na;HPO, 2 ag. 
2.32 gr. KH;PO% 
8.64 gr. Na;HPO, 2 ag. 
0.96 gr. KH,PO4. 


pn = 1.21 
1- 1 a: 
c.c. NH3 50 N Fr 0,0611 ser © ie] 
corrected. 11 — f; == t 
IRENES TI ERNEST EEE Een oe 1-5 
0.95 0.238 0.00060 0.0060 
1.7 0.425 0.00058 0.0060 
2.3 0.575 0.00057 0.0062 
2.78 0.695 0.00057 0.0064 
3.15 0.788 0.00057 0.0067 
3.45 0.86 0.00058 0.0071 
3.65 0.91 0.00055 0.0070 
3.75 0.94 0.00052 0.0068 
3:90 200.975 0.00056 0.0076 


Mean 0.00057 


4 x 0.00057 = 0.000716. 


TABLE 8. 


Two equal experiments, one on Sept. 18th, 1916, another with freshly 
prepared solution on Sept. 19th, 1916. 


0.75 gr. 


Soja in 100 c.c. 


1.28 gr. NaHPO, 2 ag. 
2NSL gr. KH;,PO,. 


50 c.c. filtrate mixed with 100 c.c. water + 9.6 gr. Na,HPO, 2 ag. 


t 
minutes, 


20 
40 
60 
80 
100 


PH = 1.52 
TE Te DE a rn a un ne Lone 
N ö 
I ,,|c.c. NH; N 0.03021 eLn 02 si 
c.c. NAOH —N 50 2 087, tr 902y log - 
50 corrected ne ni en 
(mean). R 5 
m NT ” 
8.55 8.50 1.45 0.36 0.00065 0.0097 
1.4 1.4 2.575 0.64 0.00065 0.0111 
6.75 6.7 3.25 0.81 0.00063 0.0120 
6.3 6.25 3. ı 0.925 0.00066 0.0141 
6.15 61 3.5 | 0.96 0.00061 0.0140 


Mean 0.00064 


# X 0.00064 = 0.00085 
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TABLE 9. 

1.28 gr. Na;HPO, 2 ag. 

2.32 gr. KH,PO, 

50 c.c. filtrate mixed with 150 c.c. water + 14.4 gr. NaHPO, 2 ag. 


0.5 gr. Soja in 100 c.c. 


PH = 1.64 
Denen a 
Sr — 
(6%) 1 1 
1% NN 087 
Be Ic.c. NaOH \| Ei NH; 50 N y | 0,0227 log; By —+ 0,02» | er, 
|  corrected. ve Dr k= 327 
| er", 
201/, | 9.2 | 0.8 0.20 0.00030 | 0.0048 
0 8.4 1.6 0.40 0.00032 0.0055 
60. 1.22 | 2.28 0.57 0.00033 0.0061 
80 | 7.3 2,7 0.675 0.00031 0.0061 
100 6.8 32 0.80 0.00032 0.0070 
2165 35  |0.85| 0.00032 0.0075 
150 | 6.2 3.8 0.95 0.00032 0.0087 
Mean 0.00032 . 


2X 5X 0.00032 = 0.00085. 


TABLE 10. 


1.28 gr. Na;HPO, 2 ag. 
2.32 gr. KH,PO, 
50 c.c. filtrate mixed with 200 c.c. water + 19.2 gr. Na;HPO, 2 ag. 


0.5 gr. Soja in 100 c.c. 


pH = 1.15 
| ri | 2 
an inice N N 00176108 |, + 0,02». log; 
Hunnie. = ı  corrected. | 3 ; t RT 
Wr Non 0.00026 | 0.0043 
40 | Bon = | 7 +46:35, 4.0.34 :| 0.00025 0.0045 
60 8.1 1.9 0.475 0.00024 | 0.0047 
Bere 0518 0.00023 | 0.0047 
100 Bean 70.70, 0.00025 0.0062 
120 BR 3,185, 0.70} 0.00023 - 0.0056 
150 6.45 3.55 [0.89] 0.00023 0.0064 
180 ae a9 0.08 | 0.00023 0.0072 
210 6.1 , 0.975  0.00023 0.0076 


Mean 0.00024 
2 3x 0,00024 = 0,00080. 


Proceedings Royal Acad. Amsterdam. Vol. 9.9.48 
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TABLE 11. 


Repetition of the experiment of Sept. 25th. 
BEATS 


‘| corrected. | | — t | t 

Te 0.17 0.00025 0.0042 
40.0) „8.51. ms 71.48 0.358 0.00026 0.0048 
60 8.12 1.858 [0.47 0.00024 0.0046 
80 | 1.5 | 2% | 0.588 0.00022 0.0048 
10.6 5 1,2 0 0.00025 0.0062 
120 6.9 I 300 vu Rare 0.00022 0.0054 
50 | 64 | 36 10.0) 0.00024 0.0066 
180. 1, 1.0.1805, | 0 8a 00 0.00025 0.0079 
16 6.0 | | 


3.5 0.988 0.00025 0.0089 


Mean 0.00024 


caleulated mean of m (as done at the foot of each table), we get 
for equal enzyme concentration at different 97 the following list: 


| 
Activity of the same 


En | quantity of urease 
6.13 0.00028 
6.40 | 0.00034 
TaU Hi 0.00076 
152 0 0.00085 
er 0.00085 
1 0.00080 


Mathematies. — “lÜeber topologische Involutionen.” Bs Prof, 
L. E. J. Brouwer. 


(Communicated in the meeting of March 29, 1919). 


Unter einer topologischen Involution n-ter Ordnung einer h-dimen- 
sionalen Mannigfaltigkeit 7 verstehen wir eine solche Zerlegung von 
F in Systeme von höchstens n Punkten, dass die Menge dieser 
Systeme sich eineindeutig und stetig auf. eine als Modulmannig- 
Faltigkeit der Involution zu bezeichnende A-dimensionale Mannig- 
faltigkeit M abbilden lässt. 


$ 1. /nvolutionen von Linien. 


Sei P ein Punkt der Modullinie M, der ein solches Segment s 
von M begrenzt, von dem jeder Punkt » verschiedene Bildpunkte 
auf der Linie / besitzt, während fur / selhst m >1 dieser Bild- 
punkte in einem Punkte Q von #' zusammenfallen. Wenn wir einen 
Punkt € von s in hinreichender Nähe von /° wählen, so zerfallen 
die weder / noch C entsprechenden, in der Nähe von (@ gelegenen 
Punkte von F in drei und nur drei Kategorien: ein solcher Punkt 
ist nämlich entweder Bildpunkt eines zwischen C’ und / liegenden 
Punktes von M und lässt sich alsdann ohne Berührung der in der 
Nähe von Q@ liegenden Bildpunkte D,D,.... D„ von C mit Q 
verbinden, oder Bildpunkt eines durch Ü von 7’ getrennten Punktes 
von M, in welchem Falle er sich ohne Berührung von Q,D,,D,,.... Di 
aus der Nähe von Q@ entfernen Jässt, oder schliesslich Bildpunkt 
eines durch ? von C getrennten Punktes von M, in welchem Falle 
er sich sowohl ohne Berührung von D,,D,,.... D„ mit @ verbinden, 
wie ohne Berührung von Q, D,, D,,... Dm aus der Nähe von Q 
entfernen lässt. Hiermit sind wir aber für m >1 zu einem Wider- 
spruch gelangt, so dass jeder Punkt von M notwendig n verschiedene 
Bildpunkte auf F besitzt. Hieraus folgt unmittelbar, erstens, dass F 
eine geschlossene Linie ist, zweitens, dass die Involution n.ter Ordnung 
von F einer n-periodischen Rotationsgruppe topologisch äquivalent ist. 


6 2. Involutionen von Flächen. 


Sei $ ein Gebiet der Modultläche M, von dem jeder Punkt n 
74* 
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_ verschiedene Bildpunkte auf der Fläche F besitzt, ? ein soleher 
erreiehbarer Punkt der Grenze von ß, dass auf einem gewissen aus 
3 nach P führenden Wege m der n Bildpunkte gegen den Bildpunkt 
Q von P konvergieren. Sei j eine auf M in der Nähe von Pum P 
gezogene einfache geschlossene Kurve, k ihr auf F in der Nähe von 
Q gelegenes Bild. Wenn 5 hinreichend klein gewählt wird, so ist 
ein keinem Punkte von j entsprechender, in der Nähe von Q gelege- 
ner Punkt von F entweder Bildpunkt eines innerhalb 7 liegenden 
Punktes von MM und lässt sich alsdann olıne Berührung von k mit 
Q verbinden, oder Bildpunkt eines ausserhalb 7 liegenden Punktes 
von M, in welchem Falle er sich ohne Berührung von &k aus der 
Nähe von Q entfernen lässt. Weil mithin k auf F zwei und nur 
zwei (Gebiete bestimmt, so ist & eine einfache geschlossene Kurve, 
auf welcher die gegebene Involution von ‘# eine Involution mit 7 
als Modullinie bestimmt, deren Ordnung notwendig —= m sein muss, 
so dass sie einer m-periodischen Rotationsgruppe topologisch äquiva- 
lent ist. Hieraus folgt unmittelbar, erstens, dass die Bildpunkte der 
erreichbaren Punkte der Grenze von ß, mithin auch diese erreich- 
baren Punkte selbst isoliert sind, dass also diejenigen Punkte von 
M, welche weniger als n Bildpunkte besitzen, ebenso wie die ent- 
sprechenden Bildpunkte selbst, isoliert sind, zweitens, dass die Fläche 
F eine über die Modulfläche M n-blättrig ausgebreitete Riemannsche 
Fläche darstellt. 


$ 3. Endliche Gruppen von Linien. 


Wir betrachten eine endliche Gruppe @ von n eineindeutigen 
und stetigen Transformationen mit invarianter Indikatrix einer Linie 
F. Weil jede Transformation von @ periodisch ist, so muss F not- 
wendig geschlossen sein und kann für keine Transformation von @ 
ein invarianter Punkt existieren. Sei nun s ein Segment von F, von 
dem der eine Endpunkt $, durch die Transformation i von @ in 
den anderen Endpunkt S, übergeht, das aber übrigens kein Paar 
für G äquivalenter Punkte enthält. Seien S,,S,,... Sy, Sn+ı = S, die 
Punkte von F, in welche S, durch die sukzessiven Potenzen der 
m-periodischen Transformation ? übergeht. Alsdann kann auf keinem 
Segmente S,Sj,+1 ausser dem Endpunktepaar ein Paar für @ äqui- 
valenter Punkte existieren, so dass zwei Punkte von F nur dann 
für G@ äquivalent sind, wenn sie durch eine Potenz von t inein- 
ander übergehen. Weil mithin die Gruppe @ ausschliesslich die 
Potenzen von £ enthält, so ist sie einer n-periodischen Rotations- 
gruppe topologisch äquivalent, d. h. sie ist eine /nvolution n-ter Ordnung. 
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$ 4. Endliche Gruppen von Flächen. 


Wir betrachten eine endliche Gruppe @ von n eineindeutigen und 
stetigen Transformationen mit invarianter Indikatrix einer geschlos- 
senen zweiseitigen Fläche F. Sei P ein für eine Untergruppe y von 
(7 invarianter Punkt, r eine (offenbar periodische) Transformation 
von y. Der Transformation r von F entspricht eine ebenfalls perio- 
dische, einen Bildpunkt von / invariant lassende Transforma- 
tion der einfach zusammenhängenden Ueberlagerungsfläche von 
F. Hieraus folgt nach dem Rotationssatze von. KurfkJarno'), dass 
P auf F eine von für r invarianten Punkten freie volle Um- 
gebung besitzt, so dass ebenfalls eine volle Umgebung von P auf F 
existiert, innerhalb deren keine Transformation von y einen Punkt 
invariant lässt. Wenn wir also in hinreichender Nähe von Peine ? 
in ihrem Innern enthaltende einfache geschlossene Kurve konstruieren, 
so bestimmt dieselbe zusammen mit ihren von y erzeugten Bildern 
eine gleichfalls eine einfache geschlossene Kurve darstellende äussere 
Grenze k, welche von y in solcher Weise in sich transformiert wird, 
dass für keine Transformation von y ein invarianter Punkt auf- 
treten kann. Hieraus folgt unmittelbar, dass y von einer einzigen 
periodischen Transformation t erzeugt wird. Wenn wir nun das 
System der für @ mit P äquivalenten Punkte mit x bezeichnen, so 
können wir, indem wir ? in obiger Weise auf die einfach zusam- 
menhängende Ueberlagerungsfläche von F ausdehnen, mittels des 
Rotationssatzes weiter folgern, dass in der Menge der Systeme von 
für @ äquivalenten Punkten von F eine volle Umgebung von x 
existiert, welche sich inklusive x eineindeutig und stetig auf ein 
Flächenstück abbilden lässt. Hiermit hat sich herausgestellt, dass die 
Gruppe @ eine (übrigens spezielle) /nvolution n-ter Ordnung darstellt. 


1) Mathem. Annalen 80, S. 36—41. 


Physiology. — “On the Photo-electrieity of @els.’ By Prof. H. 
ZWAARDEMAKER and F. HoGEWIND. 


(Communicated in the meeting of February 22, 1919). 


When light is allowed to fall on a metal disc, possessing a negative 
charge, the dise‘ will be discharged. Not, however, when the dise 
is charged positively. 

This phenomenon was -ürst discovered and described by W. 
Haıswachs') in 1888 and is known as “Hallwachs effeet”. 

Afterwards the discharge appeared to be due to an emission of 
eleetrons under the influence of light, notably ultraviolet light. For 
this reason a luminous source rich in ultraviolet rays, is to be preferred 
for this experiment, e.g. an arc-lamp carbon, whose light falls on 
the metal dise either directly or with the aid of quartz-lenses.. The 
lamp was completely insulated by an amber rod and connected with 
an eartbed electroscope, which had been charged negatively. 

With a view to ward off the inhibitory influence of the electrons 
taken up in the air in front of the dise, a wire-work of oxidized 
iron-gauze, which is only slightly sensitive, is placed before the metal 
dise at a distance of about 14 cm. This wirework is charged positively 
up to a potential of from 50 to-100 voits, and immediately eatches 
up the electrons emitted. 

The light is transmitted through the network to the disc. The 
electroscope at once begins to discharge itself. The rate of this 
discharge, measured by the so-called half-way time, furnishes an 
index for the photo-eleetrical sensitiveness of the dise. 

According to Harnwachs the following materials are responsive 
to photo-electrieity : 

1. Metals. Most of all alkalimetals. Then follow Al, Mg, Zn, ete. 

2. Many metallie compounds: oxides, ehlorides, bromides, ete. 

3. Many minerals. 

4. Many dyes, e.g. anilin-dyes; also their aqueous solutions. 

5. Some insulators, such as sulphur, solid rubber. 

Gases become active through the extreme ultraviolet rays. 


Among the materials that proved to be inactive are water, stone, 
granite, wood. 


') Marx, Handb. der Radiologie. Hatvwachs, Lichtelektrieität 1915. Bd. ITb. 
S. 245, 
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Broadly speaking all the solids that absorb light sufficiently and 
are good conductors of electrieity, become photo-electrical. 

On the other hand liquid’ substances, according to HALLwAcHs are 
none of them very active. He found only two liquids distinet in 
their positive reaction to radiation, viz. anilin and formie acid. 

Nor does the literature make mention of liquids as being distinetly 
photo-electric. 

Both the liquids just mentioned belong to the odorous substances 
and we succeeded in deteeting among this category of materials 
several that were photo-electrie in the liquid state, amongst others 
the liquid terms of the anilin series; toluidin and xylidin. Also 
guaiacol, cressol, eugenol, anethol, ete. The sensitivity of anethol 
e.g. comes near to that of the most active metals. 

Aqueous solutions of all the above solid and liquid substances 
generally proved not to be photo-electrical. An exception was formed 
by the solutions of anilin dyes, mentioned before. | 

This was supposed ') to be the consequence of the formation ofa 
pellicle on the surface, constituting a very thin layer of solid matter. 
Photoelectrieity rises in proportion to the thiekness of the layer to 
a certain optimum. This superficial pellicle is connected with the 
eolloidal state of the dye-solution. Oxidation does not come into play 
here. Inorganie eolloids such as arsenie and antimonium-trisulphide 
act likewise”). | 

However, HaunwacHs himself already records that {he photoelectric 
sensitivity is not always associated with, nor runs parallel with the 
formation of this pellicle. 

In our investigation of odorous substances we found out that a 
solution of any substance, whether solid or liquid, is photo-electrical 
only when the three following conditions are satisfied: 

1. The dissolved substance must be photo-electrie. 

%. The solution must largely absorb ultraviolet light. 

3. The solution must be colloidal. 

In these experiments with liquid substances and with solutions 
we used filterpaper saturated with the liquid and suspended on a 
stand that had been insulated by amber. 

Filterpaper when having been kept carefully shut off from all 
contact, shows only little sensitiveness for photo-eleetricity. However, 
through adsorption of odorous substances it soon becomes sensitive 


ı) Road (Ann. der Physik, 19, p. 935—959, 1906). 
2) PLoGMmEIER, Deutsche Phys. Gesellschaft, Verh. 11, p. 382—396 (1909). 


— 
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and, therefore, should not be kept in an atmosphere laden with 
odorous matter. 

If, moreover, due care is taken to keep in all experiments the 
same distance from the source of light to the paper and the same 
area of the lighted surface of the paper, then the half-way time of 
the eleetroscope affords a reliable index for the sensitivity of the 
liquids. 

The eolloidal state is a conditio sine qua non for the photo- 
electrieity of solutions, which will inerease with.the growth of the 
micellae, while the solution is still for some time stationary. 

A saturated aqueous solution of eugenol e.g. yields: 


Half-way-time. 
Lighted Not lighted 

fresh 2 min. 15 see. 18 min. 
after 1 hr. 17 era 18 


a aa 18405, 
la gg. 18. 
a re U N rer. 
Ta LEE Er 19352, 


For longer periods the sensitivity keeps constant, if there is an 
excess of eugeno|. 


In the same way also various physiological liquids were examined. 
This inquiry also showed that: 
1. Crystalloid solutions are not photo-electrical. 


2. Colloidal solutions are so, only ifthey fulfil the above-mentioned 
three conditions. 


The following materials appeared to be responsive to photo-elec- 
trieity : 
Half-way-time. 
Lighted Not lighted 


Serum-globulin sol. (weak) 8 min. 18 min. 
Serum-albumin sol. (weak) Br isAtEr En 
Horse’s blood serum Sr LETTER 
Horse’s blood By 1395 
Horse’s blood hemolysed by water 3'/, „ Tune 
Hen’s eggwhite in glycerine (sat.) Bm 1895, 
Nuclein (sat. aqueous sol.) 7 er 18 


ER) 
It appears then that the sensitivity of physiological solutions is 
moderate. 
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That of ferments is still smaller: 


Pepsin glycerin (sat.) 10 min. 18 min. 
Diastase $,, NY A EN 
Pancreatin 2 °/, aq. sol. Se, Se, 
Leuein 2°/, aq. sol. iu Ser, 
Tyrosin sat. aq. sol. RR konad 


The following appeared to be irresponsive: 

Leeithin (sat. aq. sol.) and Casein (sat. aq. sol.), these materials 
being neither sensitive to photo-electrieity of themselves. 

The literature does not make mention of the Hallwachs effect 
on gels. 

We examined a series of gels and found sensitivity with some, 
with others we did not. 

Of the first category the pure substance was also sensitive when 
thoroughly dried and showed a powerful absorption of ultra- 
violet rays. 

A positive reaction was observed with: 


5 Half-way-time 
Lighted Not lighted 
2 °/, Agarsolution 9=min, 18 min. 
6°/, e Se Su, 
Be 55 VER 192: 
2°/, Gelatin sol. REM ie 
Carragheen N Lanze 
Ichthyocolla le 1308, 
Rubber (sheet) fi £ 13.0 ,, 
” (plastic) DE: Er 
E (vuleanized) Die’ 187 5 


Physiological substances oceurring in tissues partly in the gel- 
- eondition, we tried to make a model imitative of that tissue. We 
believe we have found it in a siliecie acid gel, prepared by Prof. 
Beverinck’s method: 

10 e.e. of Na silieate, diluted with twice its volume of water is 
shaken well and rapidly with 10 e.e. of normal hydrochlorie 
acid, and subsequently poured out into a Petri’s dish, where soon 
after a gel is formed, which is insensitive. 

Now if some colloidal solution is poured over the plate before 
the mass has become quite firm, the gel-mass will be more or less 


deeply imbibed, together with the liquid. 
_ The solution may also be treated with silieie acid gel before 


1150 


hydrochlorie acid is added to it, so that the whole mass contains the 
colloidal substance. 
Now if the latter is sensitive to photoeleetrieity, the silieie acid 
dise has become so too, either only superficially if prepared on the 
first method, or throughout, if prepared by tlie 2” method. 
In this manner we found with the following physiological substances: 


Lighted Not lighted 


Silieie acid dise + serum-albumin (weak sol) 9 min. 18 min. 
" + serum-globulin = 2 ah 1-2 
Mi —+ lecithin sol. (sat.) 18-22 18 _ 
5 —+ horse’s blood Don 382.25 
n + Casein sol. (sat.) 38,2% 18% 
5 —+ Pancreatin 2 °/, DER 182 5 
“ —- leceithin + chloroform 18.05 182 
BR — sat. fresh aq. nuclein sol. RER 1828 
. —+ sat. fresh tyrosin sol. GI IE e 


If the gel, just described, is saturated with a erystalloid solution, 
not a vestige of photo-eleetrieity is noticeable. 

Converted beforehand to the colloidal state the molecules are 
apparently spread as a continued layer on and in the gel in order 
to furnish the violet light with an adequate point of application for 
its photo-electrical action. 

When the thiekness of the silieie acid gel is made to be about 
2 or 3 m.m. and the colloidal solution is poured out over the surface 
turned towards the light, a weak photo-electrieity will be observed 
also on the surface that is turned away from the light, apparently because 
the slow electrons, swarming from the light, are strong enough to 
penetrate through the gel. When, however, the colloidal solution is 
poured out over the surface turned away from the light, the hindmost 
layer remains insensitive, as the light cannot reach it. It is checked 
by the silicie acid. Neither water nor glycerin check the light 
appreciably in such thin layers. 

By addition of eosin we have endeavoured to utilize the light that 
penetrates, however without success for photo-eleetrieity, which is 
not surprising since visible light is not generally capable of arousing 
photo-electrieity (except in alkali-metals, and eleansed aluminium, 
magnesium and zine). 

The object of our gel-experiments has been to procure a model of 
an animal tissue, with which we might be able to perform typical 
experiments on the action of light. The silieie acid gel is particularly 
adapted for this purpose, as, contrary to the gelatin- and agar-gels, 
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it is itself entirely destitute of any sensitivity for photo-electrieity. 
This renders it ‘possible to permeate it with all sorts of colloids 
oceurring in the animal-tissue and to observe the effect of light on 
these colloids in divers diffusion and under different conditions. Only 
the slight permeability of the siliecie acid for ultraviolet light is in 
some respects an impediment. For a deeper penetration of the ultra- 
violet light silieie aeid must be replaced by a gelatin gel, which is 
itself, as already observed, little sensitive to light. Conversely, 
eovering the gel with a superficial eulture will act like a screen. 
This was evident when e.g. we covered a gelatin gel with a closely 
plated culture of luminous bacteria. The result was a distinet 
decrease in the sensitivity to photo-electricity of the gelatin gel. 

Our conelusion is that the photo-eleetrieity of animal tissues 
depends on the sols, gels and solid substances (fibers producing 
double refraction, erystals, liquid erystals) contained in it. The 
experiment with the gels affords an opportunity of combining these 
component parts in any given quantity. If only an effeet on the 
superficial layers is aimed at, silieie acid must be resorted to, as 
it has of itself no sensitiveness for photo-electricity ; while gelatin 
must be used if the inquirer has in view the effect upon the deeper 
layers. 


Physiology. — “The measurement of Chronaxia”. By Prof. J. K. A. 
WERTHEIM SALOMONSON. 


(Communicated in the meeting of March 29, 1919). 


Hoorwee’s law for the stimulation of excitable tissues by means 
of eleetrie eurrents states that the rate of exeitation rapidly lessens 
during the flow of the eurrent. His law may be mathematically 
expressed by 


[0] 
za [ld ed gel 1 u: (1) 
0. 
if y represents the exeitation caused by a current /= fl), a and 
being constants. Hoorwze calls « the initial constant, ? the extinetion 


ı : 
constant. The reciprocal of the latter rs is generally called the time 
[ 


constant of the stimulated tissue. Larıcgus introduced the word 
chronaxia to designate this time constant. 

The measurement of the cehronaxia is uf the greatest importance 
if we wish to indicate the exeitability by electricity of the animal 
tissue. According to Doumsr we can calculate it from the results of 
three condenser discharges under definite conditions. HooRWEG proposed 
two condenser discharges and one stimulation with the direet 
constant current, which for a long time has been the only available 
method. Unuzer uses a series of discharges of condensers of different 
capacity and calculates the chronaxia from the one in which the 
smallest amount of electrical energy was needed to obtain a minimal 
contraction. Larıcque has published a method for direetly measuring 
the chronaxia with the direct current, elosing and opening the eireuit 
with two rapidly working contaet keys of an instrument called a 
ehronaximeter. A similar method was used by Keira, ADkıan and 
others. I worked out a metliod in which a calibrated induction coil 
was used. 

In all these measurements we find not only tbe ehronaxia, but 
also the rheobasis, a constant which received tbis name from 
Lapicque. It is the smallest direet current causing a minimal muscle 


twitch, and is equal to the quotient of HoorwEe’s constants ee 
a 
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When the rheobasis and the ehronaxia are known we find from them 


Ph. 1 
Hoorwee’s initial constant.«, or its reciprocal value — as quantıly 
a : 


constant. 

It” is generally much less important to know the rheobasis than 
the cehronaxia. The latter seems to be a true constant, whereas the 
rheobasis depends on the surface of the eleetrodes, the place where 
they are applied, the condition of the skin, and even on the duration 
of the constant current, used in measuring it. With the same 
electrodes I found it in one case to be 4.4 milliampere with the 
condensor method, 6.1 milliampere with the induction coil-method, 
against 2.6 milliampere as measured with the constant current, the 
ihree measurements being made immediately one after the other. 
But in all three cases the chronaxia came out as 0.00008 second. 
‚It seems possible that also differences in the resistance of the body 
might be responsible for the differences in the rheobasis. 

The rheobasis is easily determined and is even a matter of routine 
work in neurological praxis. But little attention if any is given to 
the chronaxia. Only if the methods are simplified there may be 
some chance of a more extensive use of this way of stating the 
exeitability of muscular tissue and motor nerves. Below I give two 
simplified methods for directly measuring the chronaxia, either 
by two condensor-discharges or by two measurements -with an 
ordinary not-graduated induction coil. In every case the chronaxia 
is found without any calculation or with merely one division. 

Condensor-method. 

Museles and nerves respond in the same way to discharges -of 
condensers of different capacity ( if the Voltage V in each indi- 
vidua} case be 


ß 1 


a (2) 
7 al 


in which R is the resistance of the eircuit, ß and « the above- 
mentioned constants. This relation was found by Hoorwee. It may 
be caleulated from (1) by putting 


AR RE 
Bas 


which is the well-known formula for a condensor discharge through 
‘a non-conductive resistance. If the expression is integrated and we 
take for y a unity-effeet —=1 we get formula’ (2). 

We first make a measurement with a capacity C, and find a 
voltage V which first gives a minimal contraction. Next. we take 
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city C vi ifying but 
another somewhat larger capacity C, and without modifying r 
by putting a resistance W into the eireuit we again obtain a minimal 


contraction. 
We then put: h 
l ] 
R+ ——=p(R+W)+ — 
PR+ ZRH MHZ, 


or . 
1 ‚616, 


—=W———— . 3 
B 0,—6, 


We may take for C, any capacity larger than C.. By taking 
1 
0,=2(, we get the extremely simple expression for —: 


1 Re N 
2,0% ee a 
or the chronaxia is the product of the resistance W and thecapaeity (,. 

If we can use a complete set of graduated condensors we might 
use & fixed resistance V and try to find the value of C, giving a 
minimal contraction, using formula (3). But as a. matter of fact we 
find the use of a calibrated rheostat more convenient, especially as 
it allows of the use of formula (4), which is simpler. In this case 
only two condensors of say 0.05 or 0.1 u/ and a rheostat up to 
10000 Ohm are necessary; whereas in the first method a set of 
eondensors from 0.001—0.5 uf and a fixed resistance W of 1000 
or 2000 Ohm would be required. 

The actual measurement of the Voltage V is unnecessary. 

Induetion coil method. 

The secondary discharge of a medical induction coil may be 
represented by 

Rı 
ER NER ee en a A 
I 

in which /, is the primary current, M the mutual induction coeffi- 
eient, '/,, the selfinduction and R,, the resistance of the secondary 
eireuit. 


Putting p(t) in Hoorwee’s formula (1) we get 


x R . 
M wi 
neh z fe (te) Le... 
Lu d R,, AuRR., 


and taking 7=1 we get: 
a MR, Ar BD ee (6) 


We now make again two measurements of a minimal contraction. 
In the first one we insert a selfinduetion ZL into the secondary 
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eireuit and by varying either the primary current strength or more 
eonveniently the coil distance we finally get a minimal eontraction. 
Now leaving the coil distance and the primary current unchanged 
we take away the added selfinduction Z and put in its place a 
rheostat from which so much resistance is unstopped till the minimal 
contraction appears again. Then we have: 
aL M—(R, + W+BL,=R,+ß(L, +2) 

or 

1 L 

ee ya 
giving the chronaxia 3 as the quotient of a resistance into a 
selfinduction. 

This method can still be applied in two different ways. We can 
either use a fixed seltinduetion and a variable resistance or a fixed 
resistance and a variable selfinduction. The latter might even be 
provided with a scale graduated to 10000" parts of a second so 
as to make it a direct reading instrument. Or if we take 1000 
ohms for the fixed resistance, the readings of the graduated scale of 
the induetion variometer in Henry will give the value of the chron- 
axia in 1000:" parts of a second. 

The advantage of the induction coil method may be gathered from 
the fact that the combination of a rheostat and graduated selfinduc- 
tion coill may be used with any medical coil and with any ordinary 
interrupter. The only restrietion to be made is against the use of a 
secondary coil with less than 3000 windings. The formula used 
ceases to be accurate as soon as an extremely large resistance is 
inserted in the secondary circuit. With secondary coils of only a 
few hundred secondary windings this is already the case with a 
total secondary resistance of perhaps 1000 ohms. But with coils of 
more than 3000 windings the secondary resistance may be increased 
up to 15000 or 20000 Ohms without any appreciable error. The 
error in these cases is caused by the presence of capacity in the 
secondary coil, the influence of which is to lower the initial strength 
of the secondary discharge and to render the calceulated chronaxia 
a trifle too small. But with coils of more than 3000 turns this error 
is considerably ‘smaller than the error of the measurement itself, as 
was proved by a special physiological and oseillographie investigation. 

Finally I wish to add that with the condenser or the induction 
coil it is possible to arrange for the use of an ungraduated but 
variable resistance and a special ohmmeter, which may be graduated 
for the chronaxia to be directly read on the scale. 


Astronomy. — “Theory of Jupiter's Satellites. 1. The intermediary 
orbit”. By Prof. W. px SITTer. 


(Communicated in the meeting of March 29, 1919). 


The following pages contain the elaboration of the theory which 
was outlined in my paper!) of 1918 March 23. Only the results 
will be given here; the computations will be published in detail in 
the Annals of the Observatory at Leiden. The present paper gives 
the determination of the intermediary orbit. As has been explained 
in the “Outlines”, the motion of the satellites is thereby represented 
as a keplerian ellipse with the constant semi-axis a; and excentrieity 
e&;, the perijoves having tlıe common retrograde motion —xr. 

Instead of the time we use the independent variable r, i.e. we 
count the time in units of 1.122189903+4 mean solar days. The unit 
of mass is the mass of Jupiter, and the unit of length has been so 
chosen that the Gaussian constant f=1. This unit of length is 

a, = 0.0070854378 astronomical units. 

The adopted masses of the satellites are’): 

m, — 0.00003796 (1 + 2,) 

m, — 0.00002541 (1 4 2,) 

m, — 0.00008201 (1 + 2,) 

m, — 0.00004523 (1 + 2,). 
The mass of the sun is M= 1047.40 (1 -+ EZ m)), or 

M = 1047.600 
For the quantities /J and X depending on the elliptieity, we take 
J—= 0.02186° (1 + ,) K— 0.00259 (1 + A,). 

These occur exelusively in the combinations /d? and Äb* respectively, 

of which the adopted values expressed in our units are 
log Jb? — 5.9969318 — 10 
log Kb! — 2.172766 — 10, 

The mean distance of Jupiter from the sun, expressed in our 

unit, is 
log A— 2.865871. 


1) se of a new theory of Jupiter’s satellites, these Proceedings Vol XX, 
p. 1289. 


*) See Annalen van de Sterrewacht te Leiden, Deel XII, Eerste Stuk, Appendix. 
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The mean anomalies of the satellites in the intermediary orbit 
are 
Bet 
and the mean longitudes are 
= An + Rio ng (&i _— *) 15 
where },, is the longitude of the opposition of II and III, which is 
taken as oe and z 


me =! — or ° 
AZERHLZRn — met 1oU,. 


We have 


I 
DD 


el 
c, = 0.43697298 
* — 0.0144839248. 


The values of c;,*, M and A are considered as absolutely exact 
and not subject to correetion. The correetions A; to the adopted 
masses and elliptieity are included explieitly in the formulas. 

The perturbative function is given by the formula‘) (15). This is 
en to a series of the form: 


—Xt 1— en 
Bear.® en“ I 20) €, c08 gl; 
(c; i—*) (1 U ) ‚m nn n 
+} FR I, — my, (bi z)» e; e, cos (pl;-pAi+gli+gq 5) 
(c — x) (1 —U; ;) n,n’ n’ N 
er mer oe FE Ss =Q,, e; ar cos (;—;+gli+q!l,) 


The upper line of this formula contains the terms depending on 
the elliptieity of the planet and on the indetermined parameter 1;. 
I will call this part the “additional” part of the perturbative function. 
It contains the elements of the perturbed satellite only. 

The second line is the principal part of the perturbative function. 
It has been written down for the case of an inner satellite perturbed 
by an outer one, i.e. for 7 >:. If the perturbed satellite is the outer 
one, i.e. if 2>j, then the factor a;/a; must be omitted, and 

Ya „ (dj), must be replaced by ur, $ _, (65). The Er are the well 


a operators of NEWCOMB En N are . the coefficients of 
Larrack in the development of a’/A. 


1) These Procedings Vol XX, page 1298. 
| 75 


Proceedings Royal Acad. Amsterdam. Vol. XXI. 
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The third line contains the complementary part of the perturbative 
function. "The coefficients er, differ from those of the usual develop- 
ment by the introduction of the terıns with J; and Ä,. The values 
of (1), and er have been given in Leiden Annals XII, 1, pages 22 
and 23. 

For the determination of the intermediary orbit we only use the 
non-periodie part [A;] of the perturbative function. We add to this 
. those terms of the secular part of the perturbative function corre- 
sponding to the action of the sun, which do not contain angular 
elements of the sun. These are with sufficient approximation 

(ir) (lm) a’ 2 
m Pu an 
where e, is the excentrieity and :, the inclination of the sun’s orbit. 

The perturbative function is developed in powers of e;. For this 
reason I have also, instead of n;, taken as unknown =; v1—4%*. - 
The equations determining u; and e; then become, instead of (18) 
and (19): 


ER 

"da ee 

ag, 

Vi1-e? a 
de; 


IE we denote by |; | the non-periodie terms of the prineipal and 
complementary parts of the perturbative function, these equations 
become | 


Mi 


+ AI tsKe tr I 


1 +m; 4° 


en a 
En er a Are =— OPER 


je 


Are + 2 (i—x) (lm) Je + (1—} a 0, 


AdA;=x +(& —x#)(l—u) (Ji+K&K;) 2 a u u 
m; k 


El ; & Ki 
The first equation gives DR Then we find a; from 


zn 


a (ir (ll 4 m)(l + u). = 
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For the solution of the equations (1) and (2) we started from the 
approximations !) 


log a, = 9.5997740— 10 e, = 0.00404164 
log a, = 9.8015496— 10 e, — 0.00936330 
log a, — 0.0042524: e, = 0.00059680 
log a, = 0.2494696 0 


The coeffiecients of LarLack corresponding to these values of a; 
were derived from those given by Soviszart by the application of 
the correetions necessary to reduce from SovitLarr’s values of the 
ratios of the mean distances to ours. Then with these coefficients 
the Newcom®’s operators oceurring in the formulas (1) and the other 
coefficients of these formulas were computed, and the values of u‘; 
were solved and from these the values of a; were derived. The 
coefficients of LaPrLack were then reduced to these new values of 
a;, and a second approximation of-w; was derived, which differed 
only very little from the first. The corresponding values of a; were 
considered as final, and were used as the basis for an entirely new 
computation of the LaPpLAackE coefficients. Then: with these coefficients 
we computed the operators necessary for the equations (2). These 
equations (2) are not, like (1), independent of each other, but must 
be solved by successive approximations. The approximations, which 
converged very rapidly, were continued until the ninth decimal 
place of e; was no longer affected. The values of e, thus derived 
are the definitive ones. They were substituted in (1) instead of the 
original approximations, but this did not produce any change in 
the values of u‘; and a;. 

The elements of the intermediary orbit are thus determined. The 
different terms of u; are given below. The terms marked “add” 
are the second and third of the formula (1), “=” is the fifth and 
“sun” the fourth term. The effect of the last term is given for each 
perturbing satellite separately. The quantities « and e; are considered 
to be of the first order, the masses and „J; are of the second order. 
A term containing the factor me” is thus of the fourth order. We 


found °) 


I) See Leiden, Annals XIl, I, pages 52 and 53. 

2) The computations were made with two more decimals than are published 
here. Consequently it may happen 'that the sum of the printed numbers differs 
one unit in the last decimal place from the printed sum. 
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| + :000 62826 


303 
27 


w,— + :00061977 


+ 000 24794 


32 


1609 


119 


w, = + 000 28328 


+ 000 09739 


136 
4313 


‘ 


3628 


643 


wW, = + 000 16901 


w, : add.: Qnäorder+ 000 62824 
44h , + 2 
x 847, ae 
sun : 34 — 
m. 5a u 00552 
sd, + 48) — 
dh, — 3 | 
m, : 2ud „ _ 
m, Sad. _ 
w, : add.: Zndorder+ '000 24791 
4th a 3 
er Ird * En 
sun : 34 “R 
m, : 2ud , + 000 05599 | 
re = 281 + 
dh, + 10 
m, 2nd „ — 000 01761 
sd, + 157 — 
dh 00 — 5 
m, Qud | ns 
w, : add.: 2ndorder 
sun : 3rd FR 
m, : 2nd , Zr 
m, : nd + 000 03738 
gu, — RE a De & 
jth > + 3 
m, : 2nd B a 
w, : add.: Zndorder+ -000 03148 
sun: Jd „ — 741 
m; = aan. Ze 3946 
me Sa 2816 
m, : ad, + 11069 


From these we find 


wW = + :00020238 
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log a, = 9559 77215 —10 + dloga, 
log a, = 9'801 46241—10 + dloga, 
log a, = 0'004 26052 
log a, = 0'249 49217 


+ dloga, 
+ dloga, 


The corrections &loga; have been added to 
eventual corrections A; to the masses and to J and K. We also put 


g—=e,(l +) 


Then we have 


107 dloga, = + 9072, + 


For the coefficients A; of the first term 


23,495, — 
107 dloga, = + 3593, + 772, +22, — 2, —23, —n,—n 
10’ dloga, = + 1403, +62), +52, +1192, --9), —n, 

10’ dloga,=—+ 452, + 572, 4412, + 1603, +4 662, 


take account of 


Der 


of the equations (2) 


we find 
I U 111 IV 
*» 0'014 48392 0-014 48392 0-014 48392 0:014 48392 
add. 2 50655 49242 9599 1330 
sun 50 100 201 469 
A; 0:016 9907 0:014 97735 0-014 58193 0.014 50191 


The second term can be neglected for the satellites III and IV. 
For I and II it eontributes —2 and —5 respectively to the eiglıth 


decimal place of e.. 
The third term gives 


Me: 


d[R' 
10"1— }e,’) . en 
m 


: Qndorder— 752429 


3 rd 
4th 


710677 
798 
= 70 
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102° (1 rer) nn :m, : 2"d order — 312553 | 
5 Pi 


grdr,-..4& 72051 


242876 
Ei aD 
u SE 3 
m, : Qnd order —1198671 | 
= ’ 2 Be | — 1157462 
5h 18 
I + 368 
— 1399970 
102°(1 — $e,’) D- :m, : 3d order — 75 | B: 72 
| u | 
m,: 2nd ,„ — 100444 -ı 
std 7, + 13874 A Reha 
4thi ni — 366 | 
snBi 7. 
m, : 3rd — TIER 
— 86933 
10'(1—}+e,’) ? - :m, 8'‘4 order + 5 
m, 34 ar 
ma „1 
BT 


The terms of the sixth order have not been computed directly, 
but have been derived by extrapolation of the series of logarithms 
of the terms of the second to fifth orders. 

We find thus: 

e, = 0:004 17757 (14) 

e, = 0'009 34720 (1 + n,) 

e&, = 0.000 59610 (1 + n,) 

e, = 0:000 00010 (1 +7) 
The values of 7, are 
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m = — 14356 2, — :00049 7, — '00683 2, + 98651 A, — :03338 A, -— 


= 


+ 
+ 


— 


:00009 A, + :021 2,” + -0014,4, — 140 4,2, + 006 4,4, — 
‘006 2,2, + 001 2,2, — 013 2,? + 034 2,2, + 022,72, 

02951 2, + :16826 97 — -01272 4, + 77826 %, — 000244, + 
“001 2,2 — 002 2,4, + °0022,2, — 02422, — 0052, + 010 2,4, 
0802.72 -0014,2, — 018 2°, 

-0023 4, — 0215 4-4 "98782; — 1068 2, — 00084, — -022,2,— 
012, = 


a 0 TOLL a, 2a, 
The eoordinates in the intermediary orbit are given by the formulas 


NZ 4 Pi, 
w—_A, tm, + —)tr+E 
ze, Inga, 


where og; and E; are the ordinary elliptie values of the radius-vector 
and the equation of the centre. We have, in astronomical units: 


log a, — 7'450 13884 — 10 
log a, — 7-651 82910 — 10 
log a, — 7854 62721 — 10 
log a, = 8:100 30886 — 10 


"From the above values of e; we find: 


0o,= 1.000 00873 
— 004 17755 cos 4r E, = + 0.478714 sın 4r 
—_— .. 873 cos 8r + 1250 sin 8r 
_ 3 cos 12r _ 5 sin 12r 
0, = 1000 04368 4 
— 009 34684 cos 2r E, = + 1'.071098 sin 2r 
— 4368 cos 4r + 6258 sin Ar 
— 36 cos 6r + 50 sin 6r 
o,= 1'000 00018 
E= 59610 cos r E, = + 0068308 sin r 
— 18 cos 2r + 25 sin It 
oe, =. 1 
— 000 00010 cosec,t E, = + 0°.000012 sın e,t 


The inequalities in longitude are expressed in degrees. The angle r is 
counted from the opposition. of Il and IIl on 1899 June 28, 11"47”35s 
Greenwich mean time. (See “Outlines”, these Proceedings Vol. XX, 


p. 1299). 


Astronomy. —- “On the perturbations in the motion of Hyperion 
proportional to the first power of Titan’s eccentricity. By 
Dr. J. Worrsur Jr. (Communicated by Prof. W. ps SITTER). 


(Communicated in the meeting of March 29, 1919). 


1. The object of this paper consists of the computation of those terms in 
the motion of Hyperion that are proportional to the first power of Titan’s 
eccentrieity, under the restrictions mentioned in Chapter Il$1ofthe“In- 
vestigations” '). The arguments of these perturbations are formed by 
combining the secular part of the difference in longitude of pericentre 
for the satellites with multiples of the argument of the libration. 
If this multiple is an odd number, the coefficients in the mean 
anomaly contain the square root of the disturbing mass as divisor; 
the value of the corresponding perturbation of the mean anomaly 
(and mean longitude) can amount to about half a degree. It is 
obvious to suppose that here we are concerned with those pertur- 
bations, which H. SrruvE’) mentioned at the conelusion of his 
' diseussion ‘of the orbit of Hyperion; their influence clearly was 
stated by him from observation ; according to his estimation their 
value also could amount to about half a degree. 

This paper forms a continuation of the “Investigations” and 
of “The longitude of Hyperion’s pericentre and the mass of Titan” 9). 


2. The terms of the four variables 0,0,9,2, of the first order 
with respect to Titan’s eccentricity, viz. d0,)0,00,042 are determined 
by the following system of linear differential equations °): 


!) Investigations in the theory of Hyperion. Here after to be cited as “Inves-- 
tigations.”” 

*) Publications de l’Observatoire Central Nicolas. Serie II. Vol. XI. Beobach- 
tungen der Saturnstrabanten. St. Petersbourg. 1898. p. 290. 

3) Proceedings, Vol. XXI, N. 6 and 7. 

*) Investigations, p. 48. 
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eg, Ka + Ei + u, 

t '00%o "  H0d6 
dds OR, 
a ı2' : 
d08 ONBIREN OR Was, oR, = 
Be me —- 00. —. —— d6 — do ; 

dt Voir 0p0E 000% do 
ee an do en do e en d9 — gs 

dt "0005 00° 00099 06 


In the coefficients of do,do,d0, as well as in the known terms of 
these differential equations, the values of 0,0,6,2 for =0 are to 
be substituted; further the terms of AR, of the second order and 
higher in e' are to be omitted; thus’): 


Re 2 [9 (0) cos 2 + h (6) sin 2]. (2) 
a 


The values of 0,6,92 for € —=0 are functions of two constants 
of integration, 0, and g, and two linear functions of the time, r and 
@, which both contain an additive constant of integration; the 
formulae for the four variables are’): 


yo I) 
D==0 p=0 
r=o0 =» 
er 2=wW+r 282,ur, (3) 
p=V P=0 
m’ 
IT De i 
where 
So so Je f 
B=- oPMcss, ,=Z0b8snsı, ,=2 2psin st, 
SU Bl ee! 
p=» 
r=vt-+Y, Kr De aru . (4) 
7 p=0 


p=2 


w=yt+ ons, y=w'ZyxpteuP, 
p=0 


and 9; Ou:.., 0.3 009; 0W9; 2; »p; %; and y are constant 
quantities. Deviating from the notation of the “Investigations”, the 


x} Investigations, p- 22. 
2) Investigations, p. 23 and Proceedings, Vol. XXI, N. 6 and 7. 
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coeffieient of £ in ® has been denoted by %, to prevent confusion 
with the known number x. The quantity e,, occurring in the different 
coeffieients, is a function of o, and g, determined by the relation ') 
OR, 

Eh _—ı— _3n'; (5) 

do e do . 

here the constant term of a periodie function has been denoted by 
a stroke above the funetional sign. The resulting development of g, is 


= Zhup; (6) 
I, is a constant. ),=0; Z,..,Z,....are functions of o, and g. 


3. Substituting the developments (3) and (4) in (2) we get: 
nn ln En Ha Ede], 
a cos DT sın _ ‚„sın DT |, 
lic! a re | 
| 2) 
ron ro 
A» 2 Ay, B,= 2 Bun; | 


N 


this formula can be written so: 


to 
S (,es(W@+pr), (8) 


where 


(9) 


and („ can be developed so: 


ro 


C, = z Cor ur, ne Pe (10) 


The coefficients Ay Bor Co, are functions of 9,09: 

The values of the coefficients C,, and of the derivatives of these 
eoefficients, considered as functions of 0,0, and 9, with respect toq 
have been collected in the next table. These values belong to the 
numerical values of the coeffieients of the developments (3) and (4), 
deduced in the second chapter of the “Investigations”. 


!) Investigations, Chapter Il, 8 8. 


| p a | Be | pP. te | LE 
M se a aM dg Mm 
| H 
0 + 98397 10 | 
1 + 18685 | +2006 0 —1 | — 18685 | — 20056 
sale ea I 1918 + 712 
a I Bo6 Se 14264 + 826 
| 4 m, Pe a ul 0 _ 42 
5 N EU, 


For the further developments of this paper the value of the 
coefficient Co, is required. 
We have the equation : 


Bl] 2 E8], Terme m 
M en, pP! pr=|} le le + | tl IR u ( ) 


[|]. being an abbreviation for Menue 

The right member of this formula is an even periodie function 
of r; if we replace r by x—tr, 0,,90,(=0), 6, and 2, change their. 
sign, their coefficients remaining unaltered; thus the left member is 
an even periodie function of rt, changing its sign if we replace r by 
a—t; then 


N N 
and 
Gr Ayı VW (12) 
4. As regards d@ '‘) the solution of the equations (1) is: 
09 05 0900 | ([dtdR, 00 (dti[OR, do OR, do 
=|;, EFT fa u - [315 do, 06, 
so /a2 9230\ 00 (9206 9290\ do 
5 JAN ( Or 0g ur) 7 (7 BE gor 5 
0H[dv» do 0» do dt OR, | 
ee 


099[94 du 04 do fz 
zog 
dr & EL? | nee 


1) Investigations, II, $ 1. 


' (13) 
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The quantity A is a constant; its value results from the equation 
0) 0 
er do 00 0000 06 (5 06 ) o (14) 
00,0 Or 0o,) dq Ogdr Ordg)deo, 


In (13) and (14) the quantities 0,0,0,2,R,,v,y are to be considered. 
as functions of 9,0,,7,@. 


ö HER 
In (14) the difference factored by 3, m be represented by a power 
\ q 
series in jı without constant term; the same is the case with 


05 ; 
FR only here also the first power of u fails. Thus: 
q 


= u? X power series in u. 


(% 08 de d0N\ do 
00, dr Or m) 0q 


Considering the fact that A is constant and developing the 


f) 
difference factored by — we get: 


S q S2 


ar r Faur m rn a ee 3407 i . . 
ö dqg Ir Be dr dq ra ar dg |_++ u? X power series inu. 


2 


| 00,90, 00,00, 00,00, 
=|-1 


do, 09 do, 90 
a= un e 3 RT 
5 Ir 0q 3 Or 0g I + u? X power series ın u; 
2 


in the derivatives occurring in this formula, the quantities 0,,0,0, 
are to be considered functions of Q,, 0,9 and r. 
Putting R, = uw’F,, from the system of equations (A) of Chapter 
Il, $ 3, of the “Investigations” we deduce: 
„LER OR, 
"dr 9009 hne 90 


If r—=&, then o, = 0, 0, thus EB — 
a dr |, _® 


As 
Dh 1 0,9, a,’v,0°0, 
De Bi ae Waagen 
9p° P=Po 
we get: 


4,2, 10:90, 
A=-—u 1 FIR + u* X power seriesin u; 
2 


putting: 
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p=® 


DZ lyup, (15) 
P—=0 
we have 
ET nooBaa N 1—0. 


4 


5. Denoting the five terms of.the right member of (13) ByNkail 
III, 1V, V, each of these terms can be developed thus: 


+» 
I=21,sin(@ + pr), 
En (17) 
+» 
Vv=2V,sin(@-pr). 


The coeffieients /,,.., V, have e' as factor and can be developed 
thus: 
n=21,®", 

r—0 


ro» 
H,=1Uyu!4 Z Una, 
ee) 


11,= Hl, (18) 
De 
r==09 
IV, = IV,rw ’ 
r=0 


rzo 


ET u ET 


The following development for d9 results: 


vzw 
0=e = Or Tau N, 
P= 


er = Ge sin(w+g), p=—1,0,.,4+%. 


gr 


The coefficients (en) 


can be determined by the relations: 


(e') 
(20) 


CPI 5 + IIgp +1 Hlgp + Vp + Vapı P=9.,+®. 


€ ur — EIER + Vor | 
(e‘) | 


The development of do is: 


1170 


= ' | 


> oe)ur, 


IP 


Jo.=3E 
y=U0 (2 1) 


ten, \ 
(= > a cos (W + gr). 


The value of de results from the third equation of (1) without 


any integration. Thus: 
0? R 0’R 
a be d6 WR, I |. (22) 
"OHR, +R,) dt 0edo 0009 do 
rn 
Then do can be developed so: 
p=R 
de 0 u? , 
p=V 
| (23) 
(e’ Te mg) 
ee)— 2 E,, osl@+ gr). 
According to (1), 42 results from the equation 
O’R 0*R 0’R oR 
: .9—-— . (24) 


dd 


N — )i — 
dt 0006 rd 00009 ° 07, 


The right member can be developed as a power series in u; the 
; each coefficient is equal to a sum 


onstant term of this series fails; 
of which contains e’ as factor and is of the form 


of terms, each 
coefficient. cos (@ + pr), 
p=—ı%, en &. The coefficient of « is equal to: 
f) 
MSN ger 
000% “ 
As 
1 1 ICoo C5,0 0%, 0%, 
ee a a Ten 
” 0q Or 


Yı 099 x 
dd2 


the coeflicient of u in the right member of the equation for 


is equal to: 
Rn 10690 000 9%, 22, s 
ey ge A dq dr? ee (25) 
The resulting development for 42 is: 
1a=eZ a ur, | 
(26) 


x | 


a E53 De sin (W + gr). 


rl 


6. For the determination of the ceoefficients Teuer, DINEREN 
V,„-ı the following formulae result from (13): 


B5 I,psn(@ + pr) = ; | 
ur e 06, e | Er 
— ZAER 3 nz zen cos (W + pr) + C_,,0008 (W — pr)], 
2 ER 989 } 
e 1l,o sin (@ + pr) = — z 7 on W 5 
“ : ’ (28) 
e 00,7 nn sin (@ +pr) 90, sin (@— pr) 
=D,» Or zei |..0g pP 9g p | 
+» e' 02,06 92,00 
BAHN — au. 
E 2,0 sin (@ + pr) en oo) en, der jo @, (29) 
+» 
= IV,osin(wW-+pr) = 


n 
C-»0 


, 


€ 09,06, =| sin(wW + pr) sin (w — pt) 
TG | 


N) 09 
a (31) 


+» 
> V,osin (W = — 
en ea EN 120g z Or 


+ r e 009, e 09 e 

= II 1 sn (a); pr)— DAS, 3 sin @ = (32) 
+» 19 00 

= mat) =- 73 Con nn in@—. (83) 


In taking the derivatives in the right members of these formulae 
the corresponding quantitities are to be considered as functions of 
0,0, g and r. 

The values of Z,0,:-, /, yes resulting from (27)—(31) and 
(20) have been collected in the first table of the next page. 

The coefficients 6” result from the equation 


(e) 
ae: 1 9090 Coo 0% 09 
z 6° sin (@ en EEE 
SEE sin (@ + gr) = Re r LTE, Nude. (34) 
here, in taking the derivatives, 0, is to be considered constant. 
Hence: 


= gehen... 2) 


The values of the coefficients with odd index have been collected 
in the second table of the next page. 


— 331 
+ 38663 
+ 331 
— 19696 
— 339 
+ 370 
+12 
—5 


— 359 
+ 20464 
ai 
+ 41633 
+ 371 
+ 20464 
+ 359 
— 381 
ns 
+6 


| 


br ar 105 


For the determination of oe) we have: 


nn rn cos W, 
hence: i PR 
= gt; A 0.090568 Ya. 
For oe) we have: 
ee 


(36) 


(37) 


(38) 
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: (0,9) 
The resulting values of Er have been collected in the next table. 


From the expression for ae), viz. 


R 02 
se) =]... ] sn @ + 0.024 — an w, (39) 
we deduce: er 
(0,291) 
le —UR a (40) ° 


and further the values of the next table. 


The development of the perturbative function has not been carried 
on far enough to enable us to compute the quantity |... |]. 


7. Passing from the terms of the first order with respect to e’ 


of oe and o to the corresponding terms of a and e, viz. da and de, 
we have: 


ee — Te (41) 


de 


ee 42 
e VaM u 

Denoting the terms of the first order with respect to e’ of the 
variables / and y by dl and dy, we have'): 


0 —=4dl +3 dg, 


hence: 
,. d@— 302 | 
Oz ——,l' 
3 (43) 
dg= 02 R 


The following tables contain the developments of the four quantities 
da, de, dl, dg and numerical values of the coefficients. 


1) Investigations, Chapter II, $ 2. 


76 
Proceedings Royal Acad. Amsterdam. Vol. XXI. 


EEE ag, 
re)  ‚(e’) (e') DE 9) v 

de ZI ur + el Zi -1 I, —= > ben sin (w+gr), p=-1,0.... 

p=0” j —o© ; - 


— 0.001 sin (@ — Br) 
= + 0.110 sn (@ — 7) 

+ 0.110 sin (@ + 7) 

— 0.001 sin (@ + 3r) 


(—1,2g) % 
Ds ae Ö, 
(e') 


gel, Eee 


+ 0.02 sin (@ — 2%) 


—1,33 ın (a —T) 


+ 0.33 sin (@ + ı) 


+ 0.02 in (@ + 2) 


+» 


P> a sin (@ 4- gr) 


— 0.02 sin (w — 2r) 


I: ] 
— 0.02 sın (@ + 27) 


(0,291) 
In 


p=0 


r +» 
(e‘) en (P19) 
= == a a, 008 (© +gq) 


= + 0.0026 os (w — r) 
- — 0.0026 cos(wT + 7) 


=I. ge eee 


da=e = a, ur 


‚sin W 


—0, Ehe... 


pen, 
de==e Ze’ up 


p=oP 
+» 
(CHEN 7272) 
7 &.., 08 (W + gr) 


+ 0.0030 cos (@ — rt) 
ee = + 0.8686 co w 
— 0.0030 cos (w + ?) 


. 
N. 
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8. For the numerical eomputation of the perturbations da,de,dl,dg 


we take ') 
e 0.028970. 
From the period of libration we deduced °): 
1 
— — 3986; 
“ 
from the motion of the-pericentre ®): 
4 
— — 4080. 
u. 
Taking the mean of these values, we get: 
1 
u 
hence: 
u 0.0157. 


Neglecting terms of tbe order one and higher in u of the developments 
of dl,dy,da,de, which have been given at the head of each table of 
the preceding section, we get for d/,dg,da,de the values colleeted in 
the following table. 


d— de | m ne 
0.002 sin(@- 31) | | 
0.001 sin(@ 2) 0.001 ee 
0.192 sin(@-r) 40.0001 eos(@ — 7) | + 0.0001 os(@-)| 
....] sn@ [. ..| sin ® | + 0.0248 cos 
0.211 sin@ tr) | — 0.0001 eos(® +7) — 0.0001 eos(w +?) 


0.001 sin(@ +27) — 0.001 sin(w +) 
| | 


Mi 
The agreement of the coefficient of cos®@ in de with the value 


derived from observation by H. Srruv& *), viz. + 0.0230, is very 
satisfactory. 


0.002 sin(@ +32) 


!) Investigations, p. 71. 

2yl.c, 20. 

8, Proceedings, Vol. XXI, N®. 6 and 7. 

4) Publications de l’Observatoire Central Nicolas. Serie II. Vol. XI. Beobach- 
tungen der Saturnstrabanten. St. Petersbourg, 1898, p. 2%. 
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Physics. — “On the connexion between geomelry and mechanics 
in static problems”. By Prof. J. A. Scnovrex and D.J. Srruik. 
(Communicated by Prof. H. A. Lorentz). 


(Communicated in the meeting of November 30, 1918). 


Connexions between the geodetic differentiations belonging 
to different fundamental tensors. 


When in a.space two different fundamental tensors ?l and °’j are 
given‘), we have the following general theorem: 

The geodetice diferential quotient of a given affinor with respect 
to °j is equal to the sum of the geodetie differential quotient with 
respect to ”l and the produet of the affinor by a simultaneous cova- 
riant of ’jand?’l. The same holds for the geodetie differentials. 

Let us first give the proof for a vector. When 


N ee en je er’=1n'=...| 

2’ — a’— 2a’ = Pe == D’— z’ 2 2 »)| (1) 
== ar Ten —— = 14. 
then we have: 
a’ — 2p 1 a z’ — jı Z : 
au rien Are Be & ) (2) 
6 ee an S | 8 

a=ı =3e8') ». . 2.2.2.2.) 


4 
When YV and d are the symbols of the geodetie differentiation 


belonging to ’l and Y and 'd those belonging to °j, tlıen we have 
the following relations for an arbitrary scalar p and for an arbitrary 
vector V resp. V’: 

Vp= Wpı sr ae we 
W=VYizlv)a=V(ztv)a=Yyty! a’V(al Z)za=Vv—v!2V (zl a’)a 5 
Vv=Vl(a v)’=V(! v’)2’=Vv’ vl ayla! )2=Vv’—v’! 2V (21 a)a’‘) 6) 
or when we introduce the notation *): 


\) For the notations used in this paper we refer to: J. A. Schouten, Die Ana- 
lysis zur neueren Relativitätstheorie, Verh. der Kon. Akad. v. Wet. DI. XII. NP. 6. 
eited further on as A.R. 

?) As we shall have to do with different fundamental tensors, we must distinguish 
between covariant and contravariant quantities while else this is not necessary. 
Between two quantities p and p’ no relation exists, unless this has been stated 
especially. 

3) Comp. A.R. p. 44. 

#) Comp. A.R. p. 89, formula (101). 
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Bil 
A —=aVl! a) = —ıV(alz)a —=a Va'—ıVz2'). . (6) 
.or shorter: 


RE 
Vr=Vv—A !v 


u a a 
a m 


ug 

The affinor A is a Simultaneöus covariant of ’l and °j, symme- 
trical with respect "to the two first ideal factors, VXvV=VXV 
being independent of the fundamental tensor ’). In the same way 
we have: 


vr are a ee SE ) 
3ne5 
'dv == dv — dx iA iy 


SE 1 0 dan a er Fa u 19) 
WA IRvVaı 


. > 2 . . 
For every covariant affinor v=V,...v, we find, taking into 
consideration : 


we VE EG NE ee (10) 
and the equation: 
pP p 
la) la) Andi al \V San (l0e) 
which follows from (10) and making use of (7): 
er hop, 
Vv= 2 (Vv)lav,....v av.) 
3 1,p-8., 
— NY Z(A1y)t al. Na Aliga. = ) 
p (hp 35, £ p 


nn ! ’ D 
= Ww-—iZ2(Ala)l aa... ,@d,,....A,A,...., B2 
ı R 


| 


and therefore: 


aß p wo; 3: 1 p 
=, & ’ 

dv = dv— ax’! | >(A la)lara,....a ‚aa,,ı-A,A,..Aa, |IV. (12) 
ı 4 


This is the proof for a covariant affınor. For contravariant and 
mixed affınors the proof can be given in the same way. 
For the special case that: 
au Pr rene, 


| 
Ir 


(13) 


1) A mixed affınor will.be indicated by an index of points and commas referring 
to the place of the covariant and contravariant ideal vectors. 

2) Comp. A.R. p. 89 form. (1035). 

3) Comp. A.R. p. 55. 

4) Comp. A.R. p. 89 form. (103a). 

5) Comp. A.R. p. 54 form. (74). 
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the equations between the characteristic numbers become the well- 

known relations between the geodetie differentiation and the ordinary 

partial derivations with respect to the fundamental variables „*. For 
3.., 

this ease the characteristie numbers of A become the Christoffel- 


Au] 
symbols Ri 


We shall apply the proved theorem to a static problem of the 
theory of relativity. 


Space and time in static probleins. 


In the theory of relativity in general we cannot speak of “the” 
space. Only in thus-called statie problems in which the line-element 
has the form: 


ee f 2 
ds? — 9.. dat + 39, da’ dar —g,,dae —d®, . . (14) 


where ‚ga. and 9g;„ depend on «2, a“ and «d only, we can ascribe a 
definite meaning to the words space and time, at least when daw« 
is considered as a differential of the time, dt, and d/ as a line- 
element of the space and when «abhvays the problem is treated 
statically. 


The motion of a material point in a static gravitation field. 


The equations of motion of a material point (which is supposed 
not to alter the field) are: 


olu=d, 2 ee 


This equation can be transformed into: 


t 4 
ar di? 
) Vi a of 1 (5) d&—=0. . (16) 
to 


> 


When now gaa has the form (1—8)c’, where & is very‘ small and 


ne : 
when (5) is of the order of magnitude of &c?, we have, neglecting 


quantities of the order #: 


tı th 
i € diN? Bay: de\? 
di ds—=d 1er en re pr le er — 
fa ) ( :) 9 HZ | 15° N (5) | dt = 0.(17) 


tq 
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Equations of motion of non-euchdian classic mechanies. 


By “classic” mechanies in a space with the line-element d/ we 
shall understand mechanics with the fundamental equation : 


d dx’ 
3PyLR em. : ng 
KraeT a RE (18) 
where °’l’ is written a the en: fundamental tensor, K 
for the force and dx’ for the line-element and where the second 
differentiation is of course a geodetic one. As because of (18): 


u on + m (5) Sn ; (19) 
dt? dl TI EN: 13 1 Pa 
a free point moves in such mechanies along a geodetic line: 
d dx’ 


K. Her 
When — is the gradient of a force-funcetion U we have for such 
Mm a 


mechanics the variation theorem : 


Ü 

Pr diN? | 
url, \a=0, Pe u (21) 
ie 


for: 


flor( el met = d— 
dt dt 
IX AX dx’ d | 
Sr 2 SR ee, er pr 1 71. 2]2 —.\/99 
er dx! VUL ae ) 1) dt = WARE: (a, ja (22) 
t 


dt 
4 h, 2 
12.15 ‚dd 
—/ une dx’! Kr k£ - 
| E RAN ee 
EN & 
and according to (18) we have now: 
d dx’ 
VD en u AR 
di dt = 


1) A force being a covariant vector and an acceleration a contravariant one, a 
force and an acceleration become quantities of.a different kind, as soon as the two 
'kinds may no longer be identified In that case the mass becomes a quantity 
with the mode of orientation of the covariant fundamental tensor. 

2) Because we have for the geodetie differentiations d and d, ddx’ = dx’, see 
A.R. p. 57 form. (103). 
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Reduction. of the four-dimensional problem to «a three-dimensional one. 


Comparing (17) and. (21) we see, that the motion of a material 
point can be considered as a motion according to classie mechanies 
in a space with a line-element d/ and a force-funetion: 


€ 


Bez N. 


[4 


Using the line-element caleulated by SCHWARZSCHILD: 
ds? — 0? (1— ) da=dP, 
c 
ii 
di = (1 + “ar +7? sin? Ody” + r?d6* \ 
n 


for the gravitation field of a single centre, we find 


a M. 
ER ee 
ar © 


where * represents the gravitation constant and M, the mass of the 


centre, while the reduetion holds for veloeities of the order of 
=> 


a Re? R a 
magnitude of —c, when quantities of the order — are neglected. 
M je 


Therefore equations (18) can give us the motion, and thus also e.g. 
the perihelium motion of Mercurius just as well as equations (15). 
In this connexion we may therefore say, that the perihelium motion 
is “due” to the being non enclidian of the space in the neighbour- 
hood of the sun and this gives an “explanation” ‚of the phenomenon 
from the point of view of classic though non-euclidian mechanices. 


; Passage to another line-element. 


Besides the fundamental tensors: 


{ Cr £ ß 
\=#=a (14 )oo three 
r 4 
7) 
2’ — a’?—q ee un Be re 2 ’ ’ | 
re er), Peine Bee ae 


with the relations: 
’ 7,9,6 
En De ee 1 ee (28) 
PN 
!) In his paper Statica Einsteiniana, Rend. dei Lincei 21 (17) 449—470, T. Levi 
Orvıra has shown that without neglection of quantities of the order &? the four- 
dimensional problem can be reduced to a three dimensional one. »A new auxiliary 
variable {* however is used then as “time”. A. Pararını has applied this to the 
line-element of ScuwarzscHmp and the perihelium motion : Lo spostamento del 
perielio di mereurio ete, Nuovo Cimento 14 (17) 12—54, 
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we introduce the fundamental tensors : 


U A N de, a a 72 7; 
1 (29) 
= 11, =..—=e,e,+ al arz ee’, + — e’ge’ä | 
r? sin: 6 nn: 


with the relations: 
a ll 0,580 
Evidently tle fundamental tensors ’j and °j’ give a euclidian 
line-element. j 
For the indicated values ’l and ’j we then have: 


3, 
A=2(z,,2’—a;,a’) eeue',— 


[44 [04 ä [64 ; : 
Bla or ee —r| 1I—— \eege’, tr EgEge’, — 
. 
—rsin6| 1 Jesse’, tr sin?Ge,e,e’ 31 
Si a ‚(s1) 
— sin cos Ge,e,&’s+ sind cosde,e,e’; — 
[44 [24 
* =—J ()e e,e, agege', + asin’d eze;e’r 
2 j 


Equations of motion for the euclidian fundamental tensor °j. 


Applying the relations (9) to the equations of motion: 


d dx’ 
2071 TE ER 65V 
a dt dt’ (22) 
we obtain: 
A 'd dx’ dx’ dx’. 
si. Ü= N 33 
aM dt dt dt dt (93) 
In elassie mechanics the equations for ’j would be: 
r 'd.dy’ 
az De ee Feat 
N dt dt 2 


and, as TVU—YVU, the problem can therefore also be regarded as 
a problem of euclidian elassie mechanies with an additional force: 


dx’ dx 9 
mei A EN ee N Pe 6: 35 
BR NE at = 
per unit of mass. 
As: 
N ac? 
B% - ae Cini a 
VU=,Y1-=-5 (36) 


and e’, has the same direction as e,, Kı has the direction of 8,. 
From the equations: 
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I ’ 


1 Ge ee Se 
we can deduce the motion just as well as from (18). In this con- 
nexion we may therefore say that the perihelium motion of Mercurius 
is “due” to tbe fact that the gravitation is only in first approximation 
proportional to the square of the distance and that a correction has 
to be added which is a function of the velocity and of two affinors 
i and A", definitely given in each point of the euclidian space. 
This gives another “explanation” of the phenomenon, from the point 
of view of elassie euelidian mechanics with a correetion force. 
When another arbitrary fundamental tensor is introduced instead 
of °j, another force has to be added. This gives again another “ex- 
planation”, this time from the point of view of classic mechanies in 
a space with an arbitrary line element with a correeting force. It 
need hardly to be remarked that from the point of view of the 
theory of relativity all these “explanations”, accurate to quantities 
of the order &, are perfectly equivalent. z 

The remark first made by Rırmann and accentuated so strongly 
later on among others by Poincar£, viz. that the question of the 
validity of a definite geometry is inseparable from the question of the 
validity of certain laws of nature, is evident for mechanies here. 
Equations (35) and (37) enable us to pass to new mechanics belonging 
to any new definition of measures. 


(reodetic curvature of the path. 


The equations of motion for ?l and °j can be written in the 
following form: 


ug did | (an dar : 
a | a a a 

n did  (dj\?'d dw 

— 221 (K-LmKı) = — — a EI a u. | 

a Eu 2 (&) di dj’ we) 


where dl and dj represent the line-elements measured with °1 resp. 
’j. Therefore the eurvature vector (viz. the vector perpendicular to 
Ihe path which has a length equal to the geodetie eurvature and 
a direction towards the side of the eurvature '), is, measured in ?l, 


’ 


d dx 
equal to ar and to the component of ’/’! K perpendieular (measured 


!) When ij determines a congruency, the eurvature vector is * 1Vij. 
Comp. G. Rıccı and T. Levi Civıra, Caleul differentiel absolu, Math. Ann. 54. 


53 p- ar or J. E. Wrieur, Invariants of quadratie differential forms, Cambridge 
(08), p. 78. 


een 
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i ER N 
in ’)) to tbe path, divided by m (5) . Measured in ?j the eurvature 


'd- de 


vector Ta is equal to the component of’j’! (K + mK)) perpendieular 


er u. dj\* 
(measured in ”j) to the path, divided by m (2) . When the external 


force is zero, (38) becomes: 


NE. as 
di? di dt) di dl Ta 
Or: 
ren, : a ee ame er. (41) 
dt? di dl 


and taking (35) into account, we find for (39): 
d’j dx’ IN ta ar Sax ag” Ve: 

0 — dt? = == ; = Br = 2 A 

dj 4) (did Hai. 
Measured in °’l the curvature vector is then equal to zero and 

: ‚ dx’ dx’, 3 
measured in °j to the component of Fra Fr perpendicular to 
a] 


(42) 


te path. 

The change of geodetie eurvature is perfectly given by the obtained 
equations. 

When a vector p is moved geodetically once with respect to ’l 
along dx’ and another time with respect to ’j, the directions of the 
two final positions will show a certain deviation from each other. 
We might be inclined to suppose this deviation per unit of length 
to be equal to the difference between the curvatures measured in 
the two different ways. The difference between dp and ’dp is just 
equal to the difference between two vectors {hat first coincide with 
p and are then moved geodetically along dx’ in two different ways. 
The problem however is not so simple, which is direetly evident 
from the question whether the deviation and the unit of length 
have to be measured by ’l or by ’j. Measured by ’l the curvature is: 


7a an: 


DE. : 22 m 


ANNE: 
a ah 


and there is no simple relation between the difference of (43) and 
(44) and the mutual deviation measured in some way of the two 
possible geodetically moving systems of coordinates. 


and measured by °j: 


Physics. — “On the Equation of State for Arbitrary Temperatures 
and Vohımes. Analogy with Pranor’s Formula”. By Dr. J.J. 
van Laar. (Communicated by Prof. H. A. LoRrENT2). 


(Communicated in the meeting of January 25, 1919). 
$ 1. Introduction. 


In four papers!) I tried-more closely to study the dependence on 
the temperature of the quantities a and b of van DER WaaLs’s equation 
of state on the ground of kinetic considerations. I then came to the 
conelusion that the quantity a must steadily increase with descending 
temperature to a maximum value in the neighbourhood of the absolute 
zero point, after which it again decreases to the value 0 at T=0. 
All this with very large volume. 

Also with respect to 5 I carried out similar computations, but 
the mathematical diffieulties become greater and greater, and the 
results obtained become very complicated. And for small volumes 
such a treatment of the problem is still less suitable. I, therefore, 
gave up the idea of publisling what was still found in connection- 
with the said paper, and tried to solve tlıe question by another an 
simpler way. 

The thought had already occurred to me before, to substitute for 
the three-dimensional problem an analogous problem of one dimen- 
sion, and then to transform the result in the well-known way to 
one which would hold for three dimensions. It is clear that so 
doing the nature of the sought dependence on the teinperature and 
the volume of tlıe constants oeeurring in the equation of state will 
not be modified; there can only arise some difference in a few 
numerical factors. But these are after all immaterial, when in the 
result some groups of quantities, the said factors ineluded, are joined 
to one or more constants. 

This method has besides also the advantage that it cannot only 
be used for large volumes, but also for small volumes, and results 
are, therefore, obtained which are universally valid, not only for 
arbitrary temperatures, but also for arbitrary volumes, from v — © 
upptov=b. 


I) These Proceedings XX, p. 750 and 1105, XXI, p. 2 and 16. 
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When caleulating the different time averages — which up to 
now were too much neglected in this problem, the attention being 
almost exclusively concentrated on all kinds of spacial mean values, 
which can only modify some numerical values already alluded to 
above — it already soon appeared that the relation between the 
mean Energy and the temperature was the same for small volumes 
and low temperatures') as the relation 


which was drawn up by Pranek on behalf of the theory of radiation 
on assumption of the so-called hypothesis of quanta, in which only 
°/;, Nhv would have to be gubstituted for HE, to find back Pranck’s 
expression ?). 

By a purely kinetic way, on the sole foundation of the ordinary 
laws of classical mechanies, we could therefore derive Pr.anck’s 
famous expression, which I think was only possible up to now on 
the strengtb of very special suppositions, namely on the supposition 
that the energy is emitted only in entire multiples of the quantity 
iv (“energy quanta”). (The absorption can take place in arbitrary 
quantities according to the last modification applied by PLanck in 
his theory). 


$ 2. General Considerations on the Nature of the 
Attractive and Repulsive Forces. 


We shall suppose the molecules io be all arranged along one 
dimension, and assume every arbitrary molecule M to move con- 
tinually to and fro between the two adjacent moleceules M, and M,. 
Let the mean distance between tlıe molecule centres be / (the ana- 
‚logon of the volume v for three dimensions), the radius of the sphere 
of attraction o, the diameter of the molecule s. As M, and M, may 


1 0 
eg 
M2 A: M A, M; 


Fig. 1. 
be found both on the lefthand side and on the righthand side of 
the mean places M, and M,, we may suppose them to be on an 
average always in M, and M,; besides we may assume M, and 7, 

)) With the difference only of a small finite term, which may be neglected by 


the side ‘of the prineipal term, which becomes logarithmically infinite (see $ 6). 
2) J.e. multiplied by 3 on transition from a.linear to a spacial oscillator. 
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to ve at rest, because their movement may Just as well be direeted 
towards the left side as towards the right side (ef. however $ 6). 
Henee M moves steadily to and fro between the molecules M, and 
M, assumed t0 be fixed. We call u, the velocity, which possesses 
M in the point in the middle between M, and M, (indieated by 
M in fig. 1: the so-called dead or neutral point), either to tie 
lefthand side, or to the righthand side. 

With this velocity M covers the part MA, (e.g. in P), but then 
it enters the sphere of attraction oe of the moleeule M, (e.g. in Q); 
i.e. we assume that the attractive force does.not make itself appre- 
ciably felt until the moleenle has entered this sphere, and then 
inereases steadily till M touches the molecule M, (distance of the 
middle points — s). Consequently the velocity « has also continu- 
ally increased from A, to a maximum value z,. Then repulsive 
forces appear; the two molecules are a little compressed and M is 
repelled. Between M, and M everything takes place in exactly the 
same way, only in opposite order; and between M and M, and 
back everything is again repeated. Hence we shall only have to consider 
the fourth part, viz. the portion MM, of every movement to and fro. 

It is easily seen that three cases are possible. In the jirst place 
the case represented in fig. 1, in whieh 7>oe, and the molecule 
M, therefore, passes over a longer or shorter path outside the in- 
fluence of the attraction of M,, and always outside the sphere of 
attraction of M,. 

In the second place we have the transition case of fig. 2, viz. 
!<gbut>y(e+5s). Then M is continually within the sphere 
of attraction M, A, of M,, and besides during a period (from M 
‚to 4, eg. in ?) also within that (M,A,) of M,. As soon as M has 
passed the point A,, e.g. in Q, it will be outside the influence of RR 


P-/ 


Fig. 2. 

In the third place M can also be continually within the sphere 
of attraction of M, as soon as viz. M, on contact with M, (distance 
of the middle points = s), is still just on the edge of the sphere of 
altraction of M,; i.e. when A,M, —=2l—o has just the value s. 
Then / is therefore = '/,(e+s). Thus in the second (transition) case 
I>'/,(e+s), while for the third case we have simply << !/, (043). 
Now we found before (see the eited papers) g to be about 1,75. 
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We should then have: 1°! case />1,7 s,; Ind casa 1,1 3>1,35 5; 
3d case 1< 1,35 s. 

At the critical temperature 9, — 3,85, (at least for “ordinary” 
substances), hence /—= s»"3,8—= 1,56 s (the molecule thought to be 
eubical). Hence the entire solid state and almost all liquid: vohumes, 
starting from the melting point (= 1,08 s about) to far above the 
boiling-point, are in the third case, every molecule being continually 
within the sphere of attraction of the neighbouring molecules. - Only 
the volumes quite close to 77, both the liquid and the vapour volumes, 
belong to the second (transition) case, and almost all the vapour 
volumes should be reckoned to the first case (see fig. 1). 

When o is taken still somewhat greater than 1,7, e.g. — 2s, the 
transition case lies between 2s and 1,5s, and then comprises only 
the smallest vapour volumes in tlie neighbourhood of the critical 
point, while (practically) «/! the liquid volumes up to 77, where 
!=1,56 s, belong to the third case. 

We must now make a plausible supposition about the nature and 
the way of action of the attractive and vepulsive forces, which 
supposition should also enable us to make the mathematical caleu- 
lations easy to carry out. Among all the suppositions which I have 
tried with respect to the attractive forces on different occasions, now 
and before, the simplest is this that we assume the attraction to 
increase from the sphere of attraction go linearly proportionate to 
the distance to that sphere. If e.g. the molecule is in the point 7 
(fig. 2), the attraetion that it undergoes from M wouldbe= fx 4A,P. 

Instead, therefore, of supposing the attractive action to decrease 
from the centre of the molecule outwards to the edge of the sphere 
of attraetion (according to a certain reciprocal power of the distance 
io Ihe contre, by eg. putting -T=/f:r', or T!=(f:r)xX en, 
which renders the integrations always unfeasible or exceedingly 
complicated, and in consequence of. which the attractive action at 
the edge of the sphere of attraction never becomes = 0), tbe reversed 
course is taken, and the attractive action is made to increase from 
the edge of the sphere of attraction inwards. The results will not 
differ much, but a great simplification of the caleulations is reached. 
We sball only see quantitative differences appear on different suppo- 
sitions about the attractive forces (in the numerical coefficients ete.), 
but the found form of the functions of temperature and volume 
will remain qualitatively unchanged. And it still remains the question 
whether our supposition, in connection with the assumption that the 
moleenles and atoms are all electron-systems, is not at least as 
justifiable as the other above-mentioned suppositions. 


1188 


As regards the repulsive forces on contact of the moletules, for 
them I assume the same thing as before (ef. among others loc: cit. 
I $ 7 p. 856), namely that as soon as the molecule is compressed 
(the atoms or the electron rings pressed inward it s state of 
equilibrium), there is excited a quasi-elastie repulsive force, which 
(for not too great compressions) likewise increases linearly with the 
deviation from the state of equilibrium. 


$ 3. Construction of the Fundamental Equations. 


Hence in the first of the three above indicated cases (>), !he 
attraction of M through M, (when MQ= .« is put in fig. 1) may 
be represented by = X A,Q, i.e. by fx (MQ—MA,), or by 

F=f@—(—0))- 
In the integrations # is then to be taken from /—o to I—.s. 

In the second case (<<o > !(g+5)) in P (fig. 2) the attraetion 
of Mby M, is fx A,‚P=fx(MP-+A,M), whereas that which 
M experiences from M, s=fxX PA,=fxX (MA,—M-P). Hence, 
putting MP again = «x, we get: 

F=f@+@-)) : B=fle—-)-»). 
In this « must be taken between O0 and /—s for F\; for F, only 
between 0 and og —[!. If x becomes >o-—/, F, would become 
negative, i.e. P gets outside the sphere of attraction of M,. 

In the third case of course the same expressions hold as in the 
second case, but now x can also be taken between O0 and /—s for 
F,, I—s now being < 0—!. (2l< 045). 

Throughout the entire path between MP=0 and MP=I!-—-s we 
may thus write in this third case for the joint action A—=F,—F,, i.e. 
Me) er 
It seems, therefore, «as if the attractive action starts from the 
point M, and is proportional to double the distance from / to that 
neutral initial point,. where in all the three cases mentioned the 

total action will, of course, be — (0. 

We shall treat this last (third) case first, as it is by far the most 
important. We shall then be able to treat the two first cases in a 
simple way. The now following considerations, therefore, all refer to 
small volumes (I< 1,35 to 1,55, i.e. v< 2,5 to 3,4 5,), both for 
liquids and for solid bodies. 


For the square of veloeity «* in the point P(MP = x) the follow- 
ing equation then holds: 
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ar 2/ 
u —u + EB; X22:de=u”’4 ee | he wear la) 
m m 


On contact of the two molecules u’; _, has therefore become 


—E By ar — (l— s)?, while — in ceonsequence of the appearance of 


the nn force, giv en by (the quasi-elastie force being represented 


by 2e) 
F=2%:(#e —(l —»)), 
when P is within the distance s (on contact) — the veloeity is 


 henceforth represented by 


x 


Re ol - 
ur u” + — (l— 8)? — — J28(& — (I—s)) de, 
m m 
I—s 
i.e. by 
27 2 
Ur u. + Fu — s)’ — = («—(I-s))”". ... (bb) 
m m 


Hence we have, u being @/a: 


de - da 
ae = = = 


a PER a er: e ee 


i.e. for the times /, and Z, resp. Rn M and the collision, and 
during the collision up to the culminating point, where « has 
become 20 


Is 8 


EL we De el NEE + Yu (e- gr 


(d 


_ when s’ represents the distance of the centres at the 
highest point of the compression. 


For the mean square of velocity, i.e. the time-average, which also 
oeceurs in the Virial equation, and to which the temperature is pro- 
portional, we evidently have now quite generally:: 


i—s’ 


A 2 
N 315 - 2 z: : (x | dt 
t m m 
0 ’ 
da 
\w + nn — & (u — (l— s))’ 
m m 
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i.e. with 


77 
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also: 
i—s 
ER 1 - 2f 28 2 
Fee q ee . da, 
=/l * Be BR x 
0 


when the two paths covered «=0 to I—s, and —=1—s to Is’ 
are considered as one. Over the first range e must be always 
taken as —=0, whereas over the second we must put /=0. The 
above integration may now also be split up into two parts, and the 
following equation may be put: 


R Is 
Be! 2 
za ee 
t m 
0 
I—s' 


Ben, | 
+ wre ee 


in which t=t, + t, may be put (see (c)). In the second integral «° 
has become constant and equal to (/—s)* for the part referring to 
the attraction, and it does not increase any further in consequence 
of the elimination of the attractive force. '‘) M 

The importance of this last relation is very great. For if!/, Nmu® 
(N is the total number of molecules, e.g. in 1 Gr. mol.) is a mea- 
sure for the temperature of the system, then ', Nmu,? will be a 
measure for the Znergy of that system. For only the veloeity u,’, 
with which a molecule passes the neutral position in M, can be 
arbitrarily increased or decreased by addition or diminution of energy 
(heat). What is added to '/, Nmu,*, in the term N/(l—s)’ e.g. till 


the collision, in consequence of the attractive action of the molecules, 
can never be modified by supply or removal of energy. This 


/ 


) When we assume that the attractive aclion still continues to exist during 


9F 
the collision (which would even be plausible), = x? should again be substituted for 
m 


Fu-as at the second integration in (c) and (d). But then the results become 
much more intricate, while the difference is after all exceedingly slight, because e 
is so many times greater than f. The already very short period of time of the 
collision would only become somewhat longer, while also the mean square of 
velocity would be subjected to only a slight modification in its value. Hence we 
have relinquisbed the idea of working out this entirely unnecessary complication, 
the more so as tle supposition concerning the mode of action of the attractive 
forces made by us (i.e. in direct ratio to the distance of the centre of the moving 
molecule to the edge of the sphere of attraction of one of the two other molecules 
between which it moves to and fro), should only be esteemed an approximation. 
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amount is constant, and can be represented by A,; i.e. the Energy 
that remains when «,—= 0 (quite potential in tbe neutral point M; 
quite kinetice at the moment of the impact). Accordingly this 
quantity is what Pranck and others have called the so-called zero- 
point energy, which is nothing but the energy of the attractive 
forces, which is also in connection with the quantity «/, (Of. also $ 5). 

Hence the quantities u? and u,’ will always be very different 
according to (d) (only at high temperatures and large volumes there 
will practically be no difference), and for years I have already 
harboured the convietion that in this‘) we should look for the elue 
of the remarkable relation between 7’ and X drawn up by Pıanck 
for low temperatures and small volumes — but which according 
to him can only be derived on the strength of very particular 
suppositions (the so-called hypothesis of guanta). 


$ 4. Calculation of t and u‘. 


i 2 
According to (cl) we now find for Z, putting .l* y — 


Ra PR nn s 
I, + | 
which with 
ie, 2f 
y= a N ne, BEE) 
h u, m 


„=| 3 ED Ip an. 


For u, =» (p=0) this approaches to =: log (+1) = 
m 1-3 
Green 
shortened by the attractive action. But when u, approaches 0 (= ®), 


; Zn m is 
ti, approaches ri log 2ıp = — 5, 1e9 g = 7 2) which thus 


approaches logarithmically infinite. N is no. to this, that when 


leads to: 


as was to be expected. The time is then scarcely 


I) Apart of course from the interpretation of the quantity Av occurring in 
Pıanck’s formula, in which h is a universal constant — which forms an 
entirely separate problem. 


YaTie 
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u, is“ exceedingly small, the time in which the very first part of 
the path elose to the neutral point M is passed over will be very 
great, in spite of the attractive action (which will then, 
however, be still very small). We shall presently see that it is thıs 
eireumstance which leads to the essential element of Pranor’s 


Dr. 
relation, viz. to the logarithmical approach (in direct ratio to1: log we. 
to 0 of w (i.e. of 7), when u,’ (i.e. E—E,) approaches to 0. The 


time integral fr dt remains namely finite (in consequence of the 


attractive action the exceedingly slight value of w,’ increases t0 & 
finite value), notwithstanding ? itself approaches (logarithmically) to 


infinite. 
Further we now find for £, with 


(x — (l—s)) - 
m (u + + — Ton) 


Kr — er =— 18 (Bg sin wi — 
2E > 


u Va TE ae 
Er | 
==: BE Bg sın ne . 


But in eonsequence of the relation 


u—u'+ Y (in) = ) —=# 


at the eulminating point of the collision (see equation (b)), the GuanE 
tity under Bg sin will be exactly =1, so that: 


rm 
9 ’ . . . - . N E. (3) 


w—ıNR 


the known expression for the time of vibration under the influence 
of the quasi-elastice repulsive action, proportional to the deviation 
from the state of equilibrium. (That here '/, x occurs instead of 2 x, 
is owing to this that only a fourtlı part of the entire oseillation is 
considered. (see above)). 


“We shall now compute the value of u* according to (d). The first 
integral within | ] gives: 


ee 
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Is als 
9, 
1=[V w+lea=w| V1-+ y’dy, 
r 0 x—=0 


h 6 ® PR . 
when again, like above, = }=r is put. Hence we get: 


—=Ii—s 
h,=u’ Bzs are 70 Yat Vin | 


20 
The lower limit gives O0; for the upper limit y again passes into, 
f, so that we have: 


=} vr» Vi+p — log (— p+ Viren |. . (4) 


The second integral becomes: 


= | ee en 
m m 
als 
u,” r 2 (—s)? | len —y’dy, 
m 28€ 


als 


= 2 
in which nowy= ee u —. We further find, 


m 
VW: a. = (I 5)’ 
therefore: 
2/ r—=1—s’ 
1,= {m + 09 2 — Ar + .Bg sin y ? 
m 


„ls 


For the lower limit y GE SF and everything disappears, 
so that we only retain: 


ZRH eg s)? | Me E vi=gp® + Basina | 


lat, 
when — m — —— — = p' is put. However, in conse- 


% 9 m 
\ «+ a. 
Mm 


quence of the relation 


1,=3 


nd 2 
Le A N FREE: 
m m 


at the culminating point of the collision (see above) ' will evidently 
be = 1, so that we finally get: 


RT ER PER SE, En nt) 
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These are, accordingly, the two time integrals of the square of 
velocity «* before and during the collision. 


Te 
Hence we shall have for the mean square of veloeity u? = — = ——— 


te u+t, 


m m 
Be + TE tot TE [Hr ne (1+4%°) 


u’ = 4 u, 5 rs (6) 
WE log (g + Y14Y) +4 m 
— d4 


— the required expression for u?, expres- 
m 


being with = - 
sed in ,°, and which will be valid for small volumes (< vr) for 
all temperatures. 
$5. Two Important Limiting Cases. 
a. High temperatures. 
For vu=x(p=0) we now get: 


EZ= 9 [038 < 
= D Bin — 
27 +43 ER 


u meitn,s 


as — log (—Y +14?) then approaches to — log 1—y) = , and 
likewise log (p +YV1-4°) and gr i-+7p. For y near O the first 
terms will.be cancelled by the second, and u?” will, therefore, 
approach to 


(T=o) "—rus, a Re 1 
so that the time average of the square of velocity for small volumes 
and high temperatures amounts to only half the square of veloeity 
in the neutral point. In consequence of the disappearance of the 
terms with / by the side of those with & the time average is namely 
chiefly formed by the diminution of velocity during the collision, 
and not by the increase before the impact in consequence of the 
attraction. This latter increase lasts so short that it may be neglected 
with respect to the subsequent important diminution of velocity 
(down to 0). 

Now for a linear system Nm u?’ isnot = 3RT,, but sinpy =RT, 
and in the general relation 


Le & + am) 


for the vis viva at the beginning of the collision, i.e. for the sum 
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of kinetic and potential energy in the neutral point M (hence in all 
the points of the patlı passed over by M) the quantity '/,Nm w_, 
does not represent the whole spacial Energy Z, but only '/, part 
of it. Likewise N/f(l—s)’. will not represent the whole energy of 
‚ attraction ') (zero point energy) Z,, but' again '/, Z,?). Hence we may 
put: 


Nmue=RT ; M,Nmu:—'/(E-E,), 
so that according to (7) we have at high temperature: 
| a ee I We (>) 
That this equation is correct, appears from this that it gives for c,: 
dE 
I. N 
( ©) 2) IT 


in gr. cal., hence the expected double heat capacity, which is only 
—= 3 for large volumes (gases) under the same eircumstances (i.e. 
high temperatures) — always on the supposition of mon-atomie 
substances, as otherwise the internal energy of the atoms within 
the molecules will still be added to E. 

We still point out, that when the molecules were perfectly Be 
systems, hence could not be pressed in, the quantity ein our formula 


(6) for u” would be infinitely great, and therefore the duration of 
collision absolutely =0, so that then not the first. terms with 


WE would be cancelled by the second with ug 


when @ approaches 0, but just the reverse: these latter terms would 
disappear by the side of the former, however small these might be 


on account of p. But accordingly then u will not become = '/, u,?, 
but =u,’, hence RT=°’/), (E-E,, so that = would’ become 
/„, R=3 and not —6. That, therefore, the capacity of heat for 
condensed systems does not approach to 3 but to 6, is a proof that 
the molecules may not be considered as perfectly rigid spheres, but 
are elastic systems, liable to compression, in which the time of 


1) We point out that for the limiting volume v=b(l=s) our E, = 3Nf (1— 8)? 
will approach to 0. In fact, as all movement is then impossible, the energy 
3/, Nmu? can in this case not undergo any increase in consequence of the work 
of attraclion. Of course by the side of the E, introduced by us, another zero point 
energy may always be introduced. which is in connection with that of the atoms 
(systems of electrons) within the ‚molecule. The formulae are, however, not 
modified by this in any respect. 

2) Division by 3 can also be justified by this that for the linear systems 
considered by us the veloecilies are all velocities 4 directed normally with respect 


to the molecules. And now Un? = !/5 uR. 
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eollision is not infinitely small or negligibly small, but will have a 


certain, though small, yet finite value. 
It is self-evident that as soon as p is no longer near 0, but 


assumes some value (7’ no longer very high), u” will very soon rise 
to higher values than '/, u,’ in consequence of the increasing influence 
of the terms with g, hence c, will decrease from 6 to lower values. 


$ 6. d. Low Temperatures. 


At low and very low temperatures u, will-approach to 0, i.e. 
to oo. The general equation (6) then passes into 


m 1 Be 
Eee “3 U j en. 
Vz + log ( p+Y (i | =))) +57 er p 


ur, ni => 
—, log| 2 Pc 
7 
2 2p 


in. which in the denominator the very small time of the collision 
may be neglected by the side of the time that approaches logarith- 
mically infinite under the influence of the attractive forces. Thus we 
get with — log (1:2) = loy2y, and after division in numerator 


and denominator by BE 
(i +4” 2)» + log 2p 
: 2 
log | 2yp -+ > 


But in first approximation also '/, x 1: may now. be neglected by 
x 


u: == Ju,” 


the side of 1 in the numerator, as e will then be so many times 
greater than /. And besides /og 2y may be neglected by the side of 
’, when ‚p approaches ®. Hence we finally get: 


2 


(% == 0) 14? 2 R ; IE U,” va 


“= u, ee (9) 
log se Eee a =) Walch) 
z 2p 
ce (9)? 2 
in which g* is a Ar (l) in $ 4). From this it already. 


0 

appears that the ratio between u’ and u,? will approach & ,i.e. 
likewise the ratio RT: (E--E,). For % is infinitely great with re- 
spect to log p*. However, «* itself will also approach to O0, as u,’ g* 
remains /intte (see also the beginning of $ 4). But while the time, 


| 
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during which the path is covered under the influence of the attrac- 


tion, approaches logarithmically infinite, u” does not then approach 
0 ordinarily in the same way as u,', but to a much slighter degree, 


proportionally to 1: log 4 l.e. the zemperature will approach 0 
0 
much more slowly than the Energy ; when the temperature still has 
a very small value, the “Energy” (i.e. E—E,) will practically be 
already =0. The latter, namely, is only determined by «,’ in the 
neutral point, whereas the temperature is determined by the time 
average of the square of velocities which has increased under the 
influence of tbe attraetion. 
Hence relatively only exceedingly little supply of energy is required 
to augment the temperature by a certain amount: in other words 
the heat capacity will rapıdly approach O at low temperatures. 


2 
When we substitute its value for 9°, u,” g*? ma er 
m 
so that with N/ (ls) = '/, E,and Nm w' = RT (see above) we get: 
2), E 
—— I == ; 10 
ne (10) 
Air 
re IE, E, 


Ne (Buy BE, 

Accordingly, by (10) 7 is expressed in E for the case of small 
volumes and low temperatures. It is noteworthy that (10) is not 
quite identical with Prancr’s relation, but that the logarithmically infinite 


4E Er 
denominator log (4y? + 2) = log ( +2) would have to be dimi- 
nished by the small finite quantity log 2= 0,69, in consequence of 


2E 
which the denominator would become log (2p* + 1) = log (it 1). 
i 0 


r 1 
The original denominator log (27 +5.) would, therefore, have to 
\ p 


be diminished by '/, log 2 = 0.35. 

Different ceircumstances might be adduced as an explanation of 
this exceedingly slight difference, which is for the rest immaterial. 
First of all possibly an exceedingly small modification in our funda- 
mental suppositions concerning the mode of action of the attractive 
forces, the logarithmie form of t, being retained, might give rise to 
a moditication in this sense that still a constant term is to be applied. 
And in the second place the taking in account of Maxwaur’s distri- 
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bution-law of velocities in the calculation of t, may have a certain 
influence on the result. Unfortunately the computations referring to 
this cannot be executed, because they will lead to a definite 
integral which cannot be deterinined. In tlıe third place it may be 
alleged that with respect to the velocity of the moving molecule M 
it is not quite justifiable to assume tbe molecules M, and M, to 
be at rest on the strength of the fact that the movement may be 
directed equally well towards the left as towards the right. It 
should be pointed out here that when M, e.g. is on the lefthand 
side of its mean position, it will exert a. stronger attractive 
action’on M than when it is on the righthand side. And there are 
more similar remarks that might be made. 

In virtue of the above considerations we may, therefore, safely 
apply the said correction, which is exceedingly slight with respect 
to the logarithmically infinite chief term, and write: 


2/ 
Rs Sr i ! 
2, | i WRRN (10a) 
Oo —. 
g ER, T 


When we reverse this relation, we get: 


2E 
E-BR=S,m ln ee er Ve 
ekT —] 
Putting in this: 
Lr=3 Nie) =’) N here 
we get finally: 
3N iv 
E=4Nv+ —.— . B . . . (11a) 
eRTe 1 


which is in agreement with Puanck’s relation (after muliplication by 
3 on account of the transition from a linear to a spacial oscillator). 
Hence the quantity A» introduced by Pranck would have been 
given by: 
ho — 2 fe ee 
from which A could be caleulated when » is determined (this quantity 
v would, accordingly, have to contain the factor (—s)’, hence it 
would be dependent on the volume, as is, indeed, assumed), and 
when /, the constant of the attractive action introduced by us, is 
known. We shall return to this special problem later on. 
We only still point out that our formula (11) or (11a), resp. (10) 
or (10a) is only valid for low, and not for high temperatures, whereas 
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PLAncK is of opinion that the expression (L1a) is of general applica- 
tion, for high as well as for low temperatures. According to our 
derivation the more complicated !) formula (6) would represent the 
generally valid relation, which is only transformed to the form (11a) 
for very low temperatures. 


Chrisimas 1918. (To be continued). 


1) Also Einstein, DeByE and others already derived more complicated relations, 
which are considered to represent the relations better than Prancr’s simple formula. 


Chemistry. — “Erkuan’s Refractometric Investigations, in Connection 
with the Presentation of the Edition of his Works.” By Prof. 
A. F. HoTLeMan. 


(Communicated in the meeting of January 25, 1919). 


Though Eykman devoted about twenty-five years of his life to 
refractometrie investigations of organie compounds, and collected 
in the course of these researches a tremendous amount of material, 
arriving at very important conelusions froın this material, his work 
in this interesting region has, nevertheless, remained pretty well 
unknown. This is ebiefly owing to the way in which he published it. 

At first choosing for this purpose the Berichte der deutschen 
chemischen Gesellschaft, he afterwards wrote a number of treatises 
in the Recueil; but by far the greater part of his papers appeared 
exclusively in the Chemische Weekblad. 

The researches of his pupils were up to now only laid down in 
Theses for the Doctorate. 

For foreign chemists, who are only by exception conversant with 
the Dutch language, it was, therefore, practically impossible, to get 
acquainted with Eykman’s researches. 

It further appeared, when his posthumous papers were put into 
my hands by his brother, our fellow-member Chr. Eykman, that these 
contained still a voluminous material of facts which had not yet 
been published at all. 

In order to render his ideas and experimental results more 
generally accessible, it was necessary to collect his refractometric 
researches and publish them as a whole. This publication has been 
rendered possible by the financial help of the Hollandsche Maat- 
schappij der Wetenschappen, which in this has proved itself worthy 
of its high traditions. 

In the now published work: Recherches r6fractometriques de feu 
J. F. Eysman, are found in the first place a biography and a sum- 
mary of his researches in this region. Then follow the papers from 
the “Berichte”, which contain among others his researches on the 
displacement of the double bindings in the side chains of aromatic 
compounds towards the nucleus. This displacement gives rise to a con- 
siderable increase of the molecular refraction and dispersion. 


ae) 
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In his papers in:the Recueil he described the refractometer con- 
structed by him with constant deviation of 40°, which is obtained 
by rotation of the prism round a vertical axis. This apparatus has 
further an appliance, by means of which measurements of the 
refraction up to a temperature. of about 150° can take place with 
ease for which reason it is to be preferred for organic-chemical 
researches to all other refractometers. Also his pyenometers are 
described there. 

It is further demonstrated in these papers that the refractometrie 
value of the group CH, is constant for the most divergent homologous 
series, if only the first three terms of these series are left out of 
consideration, for which this value is either greater or smaller. 

Besides they contain the derivation of Eykman’s formula for the 
molecular refraction. Hitherto the formula of Gr.ADsTons and Dank: 
n—1 

d- 
the index of refraction, d the specific weight of the liquid substance, 


. P=const. was generally used for this, in which n represents 


Dt 
and P the molecular weight. After the formula 5 .— had been 
n’+2 d 
derived by Lorentz by a theoretical way, this formula got to be 
almost exclusively used. The formulae of GLapstonz and DaLr and 


of LoRENTZ do not present a constant value, however, for large 


ranges of temperature (e.g. of 100°); but those of the former descend, 


while the theoretical formula gives ascending values. 

Taking into account that G. & D’s formula may also be written: 
n’—1 P 
Fe 
mulae refers only to the denominator, EykMman tried by an empirical 


way to find a formula that also has constant values un a 
of temperatures, and he found it in the expression no: This 
rendered it, therefore, possible, to directly compare measurements 
which have been made at very divergent temperatures. 

The papers in the Chemisch Weekblad treat {wo problems of 
great importance for organic refractometry, viz.: the cyclie com- 
pounds and unsaturate substances. As far as the former is concerned, 
he comes to the result that the number of C-atoms in the nucleus has 


a eonsiderable influence on the refraction, which also extends over 


and that accordingly the difference between the two for- 


the refractometrie values which CH,-groups have in the side chain. 


In reference to the unsaturate compounds he proves by means 
of an exceedingly copious material, that there can be no question 


:of a eonstant inerement for the double binding, which BrÜhkL intro- 
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duced, for that the double binding can exert a very divergent 
influenee on the refraetion, and especially on the dispersion of 
unsaturate compounds. 

Among the posthumous papers there were the refractometric 
determinations of more than 350 compounds, which had not yet 
been published, among which almost complete series of homologues. 
That Eykman did not publish these himself I attribute chiefly to the 
fact that he could less and less bring himself to prepare his results 
for the press. Possibly, too, he wished to wait till some series had 
become still more complete, or to repeat some measurements before 
their publication. In view of these surmises it may seem soınewhat 
bold to make results public which the master himself thought fit 
to withhold still. Besides, however, the fact mentioned just now, 
there is another eireumstance that justifies publication. It is the 
comparison of the measurements made at the same substances which 
were carried out by him in many successive years. Then there appears 
to exist an almost perfect agreement in the values in almost all 
cases. In fact all his work gives the impression of having been 
executed with serupulous care, also as regards the purity of the 
compounds. 

It is to be regretted that the material left behind consists almost 
exclusively of tables, without any commentary. I have tried to supply 
this defect by adding a review to every series of measurements of 
homologues, for the rest fully realising the diffieulty of this task, 
which certainly would have been accomplished by the master him- 
self in a much better way. I have set myself the task to interpret 
the results in these reviews as much as possible in the same spirit 
as speaks from Eykman’s works, which often give evidence of 
entirely different views from those embraced by most chemist who 
work in this field, in the hope that those who are more competent 
in this kind of researches will judge that I have succeeded in giving 
the right interpretation. 

The measurements left behind comprise compounds from the fol- 
lowing homologous series: saturate hydrocarbons, alcohols C„H„eı+OH, 
alkylhaloids, aliphatie and cyelie amines, acid C„Hs„O, and their 
esters, saturate aldehydes and ketones, unsaturate hydro-carbons, 
unsaturate acids, plurivalent alcohols, pluribasie acids, hydroxy-acids, 
aldehydic and ketonic acids, derivatives of carbonie acid, eyelie 
compounds, aromatic hydro-carbons, phenols, aromatic amines and 
aromatie acids. 

This posthumous material confirms on one side for the greater 
part the conclusions at which Eykman had already arrived by the 
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aid of what had been published by him, but it tests them by a 
number of compounds hitherto unknown; on the other side some 
new points of view have come to light. Among these we may 
mention the influence of the bifureation of the carbon chains, the 
further differentiation of the atomie refraction of oxygen, the influ- 
ence of stereo-isomery, and the closer inquiry into the dispersion of 
the organic compounds. 

This entire posthumous work shows with great evidence that there 
can be no question of constant atom refractions, not even for carbon. 
Though the variations in the atom refractions of this element are 
often pretty insignificant, it yet does not constitute an exception to 
the general rule that the atom refractions are not constant. 

Erkman’s work aims at no less than a total revision of the refrac- 
tometry of organic compounds; he has treated in a masterly way 
all the fundamental questions in this region, thanks to his great 
gifts of research and his amazing energy, which have fortunately 
remained unaffeeted under the depressing feeling of neglected merit. 


Amsterdam, January 1919. 


* 


Chemistry. — “On an Indireet Analysis of Gas-Hydrates by a 
Thermodynamic Method and Its Application to the Hijydrate 
of Sulphuretted Hydrogen.’ 1. By Prof. F. E. ©. SCHEFFER 
and G. Merer. (Communicated by Prof. Börsekex). 


(Communicated in the meeting of February 22, 1919). 


I. In two papers one of us has given an extensive description of 
heterogeneous equilibria in the system sulphuretted hydrogen-water '). 
It has appeared in this investigation that through the appearance 
of a compound and through unmixing in the liquid state a four- 
phase equilibrium hydrate of sulphuretted hydrogen - two liquid 
layers - gas occurs in this system; the three-phase-lines which 
interseet in this quadruple point, were determined, and besides 
a number of analyses was carried out to get t0 know the composition 
of the hydrate. These analyses, however, yielded very different 
results; the number of molecules of water which is bound with one 
molecule of sulphuretted hydrogen varies between 5,1 and 5,5 accord- 
ing to these determinations. This result led to the conelusion that 
the formula of the hydrate would be H,S.5H,O, because for this 
substance, and for gas hydrates in general a phenomenon oceurs 
that causes tbe water content on analysis to be found too high. 
When we consider that the two liquid layers consist almost of pure 
sulphuretted hydrogen, resp. pure water, and that therefore, the 
hydrate must be formed by cooperation of ihe two liquid layers, it - 
is clear that this formation of hydrate gives rise to a separation of 
the layers on the boundary of the liquids. In analyses an excess of 
sulphuretted hydrogen was always used, which was pumped off 
after action of the liquid layers. It is clear that when this excess 
of sulphuretted hydrogen has been removed, water can be left behind 
in the solid substance, as this possesses hardly any tension at low 
temperature as ice; this is accordingly the reason that formerly 
always lower values were found for the water content as more care 
was devoted to the interaction of the layers. Chronologically arranged 
the analyses yielded water contents of 15°), 12°) and 7 *) molecules 


!) These Proceedings. 13. 829 (1911) and 14. 195 (1911). 
2?) De Forcranp. C.r. 94. 967. (1882). 

3) De Forcrann. Ann. chim. phys. (5). 28. 5. (1883), 

#) De Forcranp and Vırzarn. Cr. 106. 1402. (1888). 


a a A NW a Zu En 


289. (1897). 
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of water per molecule of sulphuretted hydrogen. In the above-men- 
tioned determinations this content had fallen to 5,1—5,5, and the 
conclusion was obvious that the true water content would be lower: 
H,S.5H,O was therefore the most probable formula on the ground 
of these experiments. 


2. As direet analysis yielded dubious results, and the formula 
H,5.5H,0 can only be considered probable on account of the observed 
disturbance — there were no indications pointing to a second disturb- 
ance in opposite sense — we have tried to find a method of ana- 
Iysis that yielded more certain results. 

Indications to a definite formula that did not rest on direct ana- 
Iysis are the following: 

a. VILLARD deems the formula H,S.6H,O probable on account of 
the analogy with other gas hydrates, for which he has drawn up a 
formula M.6H,0'). This analogy must certainly be supported by 
a closer proof, before it convinces us of the aceuracy of the said 
composition. 

b. Vırvarn could seed the two liquids at temperatures at which 
the hydrate can form, with the hydrate of No and this leads him 
to the conelusion that the hydrate of sulphuretted hydrogen will 
possess the same water content '). This reason, too, makes him 
eonsider the formula H,S.6H,O probable. 

c. Dr Forcranp makes use of a rule holding for tbree-phase lines, 
which is analogous to that of Trovron for liquid-gas equilibria ?). 
This rule may be represented as follows. When the three-phase line 
of a dissociating compound, which splits up into solid-gas, reaches 
a vapour tension of one atmosphere, the quotient of the heat of 
transformation and the absolute temperature has the value 30. He 
gives some examples for this rule, and then applies it to determine 
the quantity of water in gas hydrates. That this rule is, however, 
dangerous appears already sufficiently from the fact that on appli- 
cation to the hydrate of sulphur dioxide the composition SO, . 8H,O 
was fonnd, whereas on the strength of Bakkuis, RoozeBoon’s and 
Vırıarp’s analyses it could be coneluded with great probability that 
this water-content is too high °). His rule, likewise, leads to H,S. 6H,O. 

As in our opinion the indirect methods have not yet yielded certain 
results either concerning the composition of the hydrate, we have tried 


1) Vırrarn. Ann. chim. phys. (7). 11.289. (1897). 

2) Ds Forcranp. C.r. 135. 959. (1902). . 

3) Bakuuıs Roozesoom. Rec. 3. 29. (1884); Vırrarn. Ann. chim. phys. (7). 11. 
78 


Proceedings Royal Acad. Amsterdam. Vol. xl. 
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to find another for a long time. We think we have found a method 
that enables us to find the composition of the gas-hydrates with 
great certainty, of which the description follows below. 


3. In order to make the prineiple on which this analysis rests, as 
clear as possible, we will imagine a binary system, of which the 
first component (A) is gaseous in a definite temperature range, the 
second (B) is in the neighbourhood of its melting-point under the 
same circumstances and not perceptibly volatile. On increase of 
pressure a solid compound can form from the gaseous first and the 
solid second component. In the melted second component the gas is 
soluble neither as such nor as compound. Tben the P-T projection 
of the spacial figure is represented by figure 1. Hence the first 
component A appears in these equilibria in free state as a gas (G) 
and bound in the compound (S). The second component B oceurs 
free as solid (Sz) and liquid (L), bound to the first component in the 
compound (S). 

The three-phase lines S3LG@ and SSzZ coincide with the melting- 
point line of 2. The RE is namely indicated by SZ L 
on both three-phase Tınes, and is the same as on the melting-point 
line of pure 2. The triple-point of B (point B in fig. 1) lies near 


r 


B ik 
Rie.K 5 
the T-axis; the süblimation - and the boiling-point line of B practically 
coineide with the T-axis. 
When we indicate the compound by AB,, the transformations on 
the two other three-phase lines are indieated by: 
(solid) (gas) (solid) . 
AB, ZA+nB—E, (on SLG). 
(solid) (gas) (liquid) , 


Hence the difference between the two transformation energies b. 
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and Z, amounts to the melting energy or melting heat ofn molecules 2. 
When the heat of melting of one molecule B is indicated by Q, weget: 
En N ee Yaapıd (l) 

When we apply the equation of ÜLAPEYRON to the two three-phase 
equilibria, the indices 1 resp. 2 again referring to the equilibria 
SSz@ resp. SLG, the following relations follow: 

T — x and a 8 220: ne) 
AREA, DIET; 
in which Q, and Q, represent the heats of transformation. 

When Vs and V, are neglected with respect to VG, which is 
allowed, when the density of the gas phase is small with respect to 
that of the other phases (pressure of the quadruple point Ü’ smaller 
than or in the neighbourhood of one atmosphere) and when the law 
of BortE is applied to the gas phase, we get: 

dP dr 
ra—ıp, and Ser = a ae) 

From this follows on integration on the assumption that Q, and 

Q, are no functions of the temperature '): 


!) This assumption indicates that the algebraic sum of the specific heats: (that 
of the gas at constant pressure) of the substances participating in the transfor- 
mation is zero. This is easily seen for the equilibrium liquid-gas on the following 
= =h—H+ = in which % and 
H represent the specific heats of gas and liquid along the boundary line 
(van ver Waars—Konnstaum. Thermodynamik. I. S 67) and from the equation 


d d d 
h=%+ 2 (Ibid. I. S. 34, Gl. Ila; the index gr denotes that ei 
v gr 


consideration. From the equation of Clausius 


ATyı\aT), art 
d dP dv 
is measured along the boundary line) follows = =a—H-+T (Gr), OR x 5 


If the law of Boyle holds good for the gas phase, the two last terms of the 


. d 
second member of this equation can be replaced by R and we get ne —H. 


We derive in an analogous way that a similar formula also holds for the three- 
phase equilibria described in the text. 

When the algebraice sum of the specific heats differs from zero, the integrated equa- 
tion 4 may only be used for a small range of temperature; then the heat of trans- 
formation at the quadruple point must be calculated from the found value of Q. 
A simular caleulation follows in the discussion of the quantitative data. We may 
point out in conclusion that if Q is no temperature function, the energy of trans- 
formation, which is RT’ smaller, does depend on the temperature. The variation 
in E, caused by this correction is generally small with respect to the values of 
Q and E. (See tables with the quantitative data in the following paper). 

Tor 
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Q Q, " 
ee u = — Ü N, 4 
N AT +6, and InP, RT +65 (4) 

From a graphical representation n P = f(T) and nP, = f,(T') 
the slopes of the two straight lines can then be determined. Then 


the tangent of the angle of inelination amounts to = resp. a 
The difference multiplied by # yields the heat of melting &,—Q,, 
which is eqnal here to the energy of melting %,—E,'), and from 
this follows by the aid of equation (1) the value of n and with it 
the composition of the hydrate. 

Accordingly for the application of this method of analysis the 


three-phase lines SSz@ and »SL@ must be experimentally determined. 


4. The system sulphuretted hydrogen-water presents great analogy 
with the ideal system of $ 3. As was demonstrated in the above- 
mentioned papers by one of us, a quadruple point SZ, /L,G' appears 
in this system, indieated in fig. 2 by D. The stable part of the 


I 


Fig. 2. 
three-phase line SZ,@, a number of points of which was already deter- 
mined before’), terminates in the Quadruple point SSzZ,@, indicated in 


') It appears from the transformations given in $ 3 that Q, = A, + RT and 
Q = EY+ RT, as one gramme molecule of gas is formed in both conversions. It 
follows from this that %—Qı = —E.. ‚ The volumes of solid and liquid are 
neglected by the side of these of gas, and the expansion at melting does not 
cause an appreciable difference between melting energy and heat. 

?) These Proceedings. 13. 829 (191% 
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fig. 2 by C. Through this quadruple point passes also the three- 
phase line SSz@G, and we shall now show that the determination 
of the said three-phase lines SSz@ and SL,G is again suffieient 
for the caleulation of. the composition of the hydrate; the sole 
difference with the case of $ 3 consists in this that a few 
corrections must be applied, which, however, can be caleulated for 
the system sulphuretted hydrogen-water with suffieient accuracy 
from the data of the literature. The required correetions will be 
mentioned separately for each of the two three-phase lines. 


5. The threephase line SSB@. 
Now the transformation on this three-phase line is not as in $ 3 
expressed by 
ABA PB, 
(solid) (gas) (solid) 
because iR gas does not consist of the pure first component (A = H,S), 
but ice (solid 3) has always some, though little, vapour tension. 
Hence a modification only occurs in the gas phase. When from the 
observed pressures ? we now subtract the tension of ice of the same 
temperature, we find the values /’(corr), which acceordingly denote 
the partial pressures of the sulphuretted hydrogen in the gas phase '). 
When we now determine log P(corr) and the corresponding 7} 
values, the graphical representation yields a curve which ‘only little 
departs from a straight line. For this curve the following equation 
holds: 
dP(eorr)  Qı, p 
IE TDIRR 
or integrated over a small range of temperature, where Q, may be 
eonsidered as constant: 


I (corr) 


In P(corr) er 


Qı 
R 


If the eurve does not differ perceptibly from a straight line, this 
expression may be directly applied to the whole line and Q, can 
be caleulated from the inclination. 

If the eurve has a perceptible eurvature the value Q, can be 
caleulated for the small range of temperature in question from every 
time two observations for temperatures that differ little (indices a 
and 5) by the aid of 


!) In this we, therefore, assume that the compound does not exist in gaseous 
state. If it oceurs for a small amount in gaseous state, its influence will certainly 
remain within the errors of observation, the tension of water vapour being already 


small itself. 
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In Pa(corr) — In Py (corr) = — = Tat — Ti!) 


This value Q, is, therefore, the heat which would be required 
for transformation,.if ice had no vapour tension, and agrees, therefore, 
in significance with the homonymous heat of $ 3. It is the heat 
that we want for the caleulation ; it is a function of the temperature, 
but only a feeble one; the change of the heat of transformation 
with the temperature is namely expressed by the algebraie sum of 
the speeifie heats of hydrate, n molecules of ice, and one molecule 
of sulphuretted hydrogen at constant pressure (see $ 3). If the law 
of Kopp is valid this sum of specific heats will be indicated by the 
difference between that of one molecule of.solid 7,5 and one mole- 
cule of gaseous H,S (at constant pressure). As now the specific heat 
of solid H,S amounts to about 10‘), that of gaseous A,S to about 
8.5, and the difference is therefore 1.5, it is clear that this correetion 
for a range of temperature of about 20° to a heat effect of about 
5000 calories (see later) eonstitutes a correction of about 6°/,,, which 
is negligible for our purpose. 

Hence the above calceulation gives us the heat of the transformation : 

HS ODE SEEN BIOS SE 
(solid) (gas) (solid) 
The change of energy E, may be found from Q, by deduction of 


the external work RT. (In the transformation evaporates one mol. 
of gas) ?). 


6. The three-phase line SL,@. 

In the transformation SITZ, + G — Es G an appreciable devia- 
tion from the corresponding case of $ 3 occurs. For not only does 
sulphuretted hydrogen dissolve in the aqueous liquid, but water has 
also a definite not to be neglected vapour tension. The transfor- 
mation at this equilibrium may be split up into: 

H, SR H:02B38 un H,O IE 
(solid) (gas) (kiquid) 


1) See NERnsT. Theor. Chem. Gesetz von Durone und Perir. 

2) In the same way as this has been done for the line hydrate-liquid-gas (see 
dP 
at 
represents the volume gas formed by decomposition of one gramme molecule of 
‚hydrate (sulphuretted hydrogen + water vapour); then the heat Q must be cor- 


rected for the heat of sublimation of a small quantity of ice in order to find Qı 
and EZ, with it. 


further on) the value of E, may also be calculated from T — -°, in which V 
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BE un em... DNS. ld 
(liquid) (gas) 
- and 
sH,S + much. water Z solution +sE, . . . & 


(gas) 
Then the total change of energy at the transformation becomes: 
Espte =E, + rbb —sE,. 

When we introduce the quantities of heat instead of the changes 
of energy, we get: 

ESG FE + r=-)JRT=E, + RT ErE, + «RT —sE, —sRT 
or | 

Os tr— 5A 
in which Q, represents the heat required for the caleulation, and 
has a meaning analogous to that of the homonymous heat in $ 3, 
Q, indicates the heat of evaporation of one molecule of water, Q 
the heat of solution of one mol. of H,S. 
(Q,=10780— 11.3 1), Q,=4560 ?)) 

When we now represent the number of molecules of 4,Sthat dissolves 
in one mol. of 4,0 under three-phase pressure by g, the partial 
pressures of water and sulphuretted hydrogen by Pr,o and Pa,s 
we have: 


0 


— = and — — ve (9a and b) 
These equations may be transformed into: 
0 
BEER a 
BR, a2 and = Po Bas \ 
1—gq BE Ze | 
- or in approximation into: 
sng and r=(l—-ng) er . (10a. and 5) 


That this approximation is allowable, will appear from the data. 
(See the tables in the following paper‘). 
Now follows from 10a and b: 
Yzhs) 
l+r-s=(ı (1 + 2) u ke Deere el) 
When we apply the equation of Crarsyron to the three-phase 
‚ equilibrium in question, we find: 


1) Lanporr-Börnstein-Rorn. Tables. 
2) Tuomsen. Thermochem. Unters. 
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7 (5) 2 Bene _ re 
AT )SEG AVsı,c GG (A+r-—sa)RT 
in which the volumes of solid and liquid are neglected by the side 
of gas, and Borur’s law has been applied to the gas phase. 
Transformation of (12) finally yields the required heat Q, 


din P 1 am? 
dr mn ggg- 


din P - 
ur R aa, st RN hl 
Wert a li tr-aR() ur = 


As now (, (heat of evaporation of one molecule of water) and 
Q, (heat of solution of one molecule H,S) are known, r and s can 
be caleulated from 10a and 5 (see also (11)), ifan arbitrarily chosen 
value is substituted for n, Q, can be caleulated if the temperatures 
are chosen close to each other, so that the differential quotient in 
(13) can be replaced by the quotient of differences‘). Thus every 
time from two observations at temperatures differing little a value 
of Q, is found for that small range of temperature. This value Q,, 
therefore, represents the heat of transformation on the three-phase 
line SZ,@, corrected for the phenomenon of solution and evaporation 
at the conversion. It is the heat belonging to the conversion: 

H,S,n H,O ZH, Sn 4,0 RE Pers Zr 

(solid) (gas) (liquid) 

The heat Q, (and the change of energy #,) will again be functions 
of the temperature. The algebraice sum of the specific heats is greater 
here than on the three-phase line SSz@ ($ 5); it may not be neglected. 
Hence the heat at transformation on SZ,@ in the immediate neigh- 
bourhood of the quadruple point must be found by extrapolation. 
The correetion required for this is, however, small enough to allow 
linear extrapolation, in other words to enable us to consider the 
specific heats as independent of the temperature. 

Now the value of n follows simply from the equations (5) and (6) 
in a way analogous to that in $ 3. 


(To be continued). 


!) As r and s themselves represent corrections, a change of n brings A a 
modification in the correction which is already small. Whether 5 or. 6 is chosen 


for n gives only a slight varialion in the result of the caleulations. We shall: 
come back to this point later on. 


Astronomy. — “The distance-correction for the plates of the 
Harvard Map of the Sky”. By Dr. H. Nort. (Communicated 
by Prof. J. GC. Karrern). 


(Communicated in the meeting of January 25, 1919). 


It is a well-known fact that the limiting magnitude at the centre 
of a celestial photograph differs from that near its margin. If, e.g., 
the centre of a plate shows stars down to the photographie magni- 
tude 11.0, this plate will at a certain distance from the centre show 
stars not fainter than, say, 10”.8. In the work of star-counts on 
photographic plates, therefore, it will be necessary to know for 
every plate the limiting magnitude as a function of the distance 
from its centre — or, as it is usually expressed: the distance-cor- 
rection should be determined for each of the plates separately. 

If we knew the photographie magnitude of a sufficiently large 
number of stars, then we should be able to determine directly the 
limiting magnitude for all parts of the plate and the distance-cor- 
rection could easily be found. But, for a long time to come, photo- 
graphie standards will be wanting and therefore, generally speaking; 
a direct determination of the distance-correction for plates covering 
a considerable part of the sky, is impossible. For such plates the 
only way is to use an indirect method, but this leads to difficulties, 
all of which have not yet been overcome. It is the aim of the 
present paper to deal with some of these diffieulties. 

In a previous investigation') I have deduced the distance-correc- 
tion for the Harvard Map of the Sky, a collection of 55 negatives 
on glass, on which Hexır had ınade star-counts ’). In this research 
I used the following method: firstly the variation of the star-density 
on each plate with the distance from the centre has been examined. 
It was tacitly assumed — and with regard to the following pages 
I want to emphasize this especially — that this density, without the so- 
called “ Bildwölbung” and apart from local irregularities would have 
the same value all over the plate; in other words that a decrease 


ı) H. Nört. The Harvard Map of the Sky and the Milky Way. Recherches 
astronomiques de l’Observatoire d’Utrecht, Vol. VII, 1917. 
2, H. Henır. The Distribution of the Stars to the eleventh Magnitude. Lunds 


Dverilesrekrilt NE. Ald. 2. Ba. 10; Nez. 
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in the mean density from the centre towards the margin was only 
due to spherieal aberration. Furthermore it was assumed that, for 
each plate, the mean density at equal distances from the centre 
had the same value; this means that the photographice plate was 
considered to have been focussed on its centre in a position perpen- 
dieular to the optical axis of the telescope. 

Each plate of the Harvard Map, the film-area of which is 19 x 21 
centi-metres, was divided into 7 concentrie zones by circles having 
their centres at the centre of the plate and radii of 2, 4, 6, 8, 10 
and 12 centi-metres respectively; each of the three outer zones 
consisted of four disconnected parts. Now, on each plate and for 
each of these seven zones the mean density was computed from 
Heniw’s counts') and so, for each plate, the density was found as 
a funetion of the distance from the centre. In order to eliminate 
as far as possible the individual peculiarities of the plates these 
mean densities of the zones have been divided by the mean density 
of the whole plate, thus giving the relative densities in the seven 
zones. These occur in Table VIII of the investigation mentioned 
above. ?) 

In order to derive from this variation of the relative density the 
varialion of the limiting magnitude, a relation between star-density 
and magnitude was to be assumed. Following the method used by 
Henn I expressed this relation by the following formula, which has 
been given by CHARLIER in his “Studies in Stellar Statisties”’ 7 


" (mom,)' 


Here A(m) is the number of stars covering a certain area of the 
sky and brighter than the magnitude m, while N, k, and ın, are 
constants, which CHARLIER has YHetermined by means of star-counts 
on the Carte du Ciel. For the computations, necessary to deduce 
with the above formula the distance-eorrection from the changes 
in the density, I wislı to refer to my first paper. ‘) 

In determining the distance-correction I had to consider a com- 
plication which had not a priori been expected. There seemed no 
reason why the 55 plates taken with two equivalent instruments 
under similar conditions, should not, apart from local irregularities 


l) 1. ce. table VII, p. 34. 
?) l. c. table VIII, p. 35. 


. . ° 
®) Lunds Universitets Arsskrift. N.F. Afd. 2. Bd. 8. NrA2,0p82. 
4) l.c. p. 37 et seg, 
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show the same behaviour as to the results for the distance-correetion. 
Table VIII, mentioned above, seems, however, to point to a different 
state of affairs. It shows not only that the relative density decreases 
from the centre to (he margin, but also that this decrease is larger 
for plates witlı a large mean density than for those with a small 
one. This phenomenon makes it desirable that, in the further research, 
not all the plates should be treated in the same way; and so I 
divided them into groups, according to the mean density. Following 
Henıe I formed three groups; in the first group I took the 27 plates, 
which showed a mean density less than 20 stars per square degree, 
the second group was formed by 17 plates with a mean density 
between 20 and 35, while the 11 remaining plates, which had a 
mean density exceeding 35, formed the third group. The change in 
the relative density from the centre towards the margin being 
- different for each of these three groups, they led to three different 
_  eurves showing the variation of the distance-correetion. These curves 
are shown in Fig. 1. The abseissae represent the distance from the 
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centre, in milli-metres; the ordinates give the difference between 
the limiting magnitude at this distance and that at the centre, 
expressed in hundredths of a magnitude. 

There is a striking difference between the eurves I and III, and 
it seemed important to investigate its cause. I have pointed out in 
my first paper that such a difference may be due to two causes. 
In the first place the colours of the stars might play a part. As 

said before, the decrease of the limiting magnitude towards the 
margin is an effect of spherical aberralion, which, again, depends 
on the refractive index. Now, since Ihe percentage of blue stars 
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inereases as the Milky Way is approached, and since all tlıe plates 
of group IN, with a single exception, have their centres close to the 
Milky Way, it is not impossible that the difference between the 
curves I and III originates in the systematic behaviour of the star- 
colours. Since the colours of the majority of the fainter stars are 
still unknown, the influence, mentioned above, cannot be examined 
numerically. 

Another cause of the difference between the two curves might be 
found in the influence of galactic condensation. Each plate of the 
Harvard Map of the sky covers about 900 square degrees of the sky, 
and it is obvious that such a large area will show the influence of 
galactice condensation and this in a higher degree where the centre 
of the plate is Iying nearer to the galactie eirele. In the course of 
my first investigation, Dr. P. J. van Raıss of Groningen drew my 
attention to this fact; my objeetion then was that of the eight plates 
witiı centres near the galactie circle only three belong to group Ill. 
This, however, does not settle the question because the remaining } 
five plates have not been included in group III for the only reason 
that they showed a mean density less than 35 stars per square 
degree. 1, therefore, submitted the 11 plates of group III to a further 
investigation in order to get the distance-correetion after elimination 
of a possible influence of the galactie eondensation. For the 100 
fields which have been counted on each plate we not only do know 
the star-density — the number of stars per square degree -—, but 
also the galactie latitude,; and this coordinate can easily be computed 
for the centre. of the plate as well. From table V of Gron. Publ. 
N°. 27°) I have, for every ‚degree between 5=0° and 5b —= 50°, 
derived the value of log. N for the visual magnitude 11.0 (this 
being the mean limiting magnitude of the Harvard plates) by graphical 
interpolation. With these logarithms the density of all the fields on 
a plate could easily be reduced to the galactie latitude of the centre. 
If, e.g. the density of a field is 20.7, its galactie latitude 14° and 
the galactie latitude of the centre 3°, then: 


log 20.7 + [logN ]ye — [log N ].e 


represents the logarithm of the reduced density of that field. After 
the densities for each of the 11 plates had been reduced in this 
way to the galactie Jatitude of their centres, the distance-correction 
has been, re-determined in the way described above. The result 


2) Dr. P. J. van Ruım. On the Number of Stars of each Photographic Magni- 
tude in Different Galactie Latitudes. Gron. Publ. NP, 37,3p.83; 
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showed, that there ewists still a pretty considerable difference between 
the plates of group I and those of group III with regard to their 
distance-correetions. This is shown in the following table in which 
for the groups I, III (before reduction) and III (after reduetion) the 
differences are ‚given between the limiting magnitude at distances 
of 30,50,.... 130 milli-metres from the centre and that at the centre. 
These numbers are expressed in hundredths of a magnitude. 
Be 2508 36 70,840090 110180 
group I +2 —16 —37 —4 —50 —54 
group III (before red.) —6 —22 —46 --62 —87 95 
group III (after red.) —6 19 40 °—52 ° —72 79 
From the fact that there remains a difference ') between land III 
after they have been corrected for the influence of galactie conden- 
sation it follows that this difference must originate in the colours 
of the stars depending on their position with respect to the Milky 
Way. If this is the true cause, it would be better not to divide the 
plates into three groups aceording to their mean density, but 
into two groups according to the galactie latitude of their 
centres. We may, then, expect the plates of the first group (those 


outside tbe Milky Way) to give a distance-correction showing the 


characteristic properties of curve I in Fig. 1. The new curve for 
- this group would probably show a slower decline than the old one, 
since now this group no longer contains plates whose centres have 
a small galactie latitude. The new second group, which now would 
contain only plates witlı small galactie latitude of the centres might 
be expected to yield a curve almost identical with ceurve III of 
Fig. 1. The results of the new classification proved to agree with 
what had been expected. The new group I contains 34 plates, whose 
centres have a galactie latitude > 20°; the remaining 21 plates form 
the new group Il. Similar to curve I of Fig 1 the new curve, 
showing the variation of the limiting magnitude for the plates of the 
new group |, has a pronounced maximum; but while the old curve 
went down as far as — 54, the new one only descends to — 48. 
The following table gives for the old and the new group I the differ- 
ences found when the limiting magnitude at the centre is subtracted 
from that at distances of 30,50....130 milli-metres from the centre 

30 50 70 1) 110 130 

group Illd +2 —16 —37 —44 —50 —54 

eroup I (new 3 —13 —32 —39 —46 —48 
') Problably, this difference would still increase if we corrected the densities of 


the plates of group I for the galactie latitude of the centre. In this group, too, 
a few plates occur whose centres have a small galactie latitude. 


1218 


while the following table gives these differences for the plates of 
the old group III and the new group II 


30 50 70 90 110 130 
group UI (old — 6 —22 —46 —62 — 87 — 3 
group II (new) — 10 —25 —48 — 62 °—83 — % 


In this new elassification neither the plates of the first group nor 
those of the second group have been correeted for galactic conden- 
sation. This correetion, if applied, would have no influence on the 
distance-eorreetion for the first group; for the second group it would, 
of course, lead to numbers not materially differing from the numbers 
given in the third row of the first table on page 1217. Therefore the 
distance-correetion, freed from the influence of galactic condensation 
may be considered to be as follows. 


30 50 70 90 110 130 
group I new +3 —13 —32 —39 —46 —48 
group II (new) — 6. — 19 — 4 —52 —72 —19 


The results of this investigation may be summarized in the follow- 
ing conclusions: 

1. The plates of the Harvard Map of the Sky, with regard to the 
decrease of the limiting magnitude from the centre towards the 
margin should be arranged into two groups. As the criterion for 
this classification the, galactie latitude of the centres of the plates 
and not their mean density must be chosen. 

2. On the plates which have their centres outside the Milky Way 
the limiting magnitude increases to a distance of about 16 milli- 
metres from the centre and decreases from there to the margin. On 
the plates which have their centres in the Milky Way the limiting 
magnitude is continually decreasing from the centre and this deerease 
exceeds that for the plates outside the Milky Way. 

3. The effects, mentioned sub 1 and 2 probably result from tbe 
so-called Kaprern-phenomenon. 


Gouda, January 1919. 


Microbiology. — “Oidium lactis, the milkmould, and a simple 
method to obtain püre cultures of anaörobes by means of it.” 
By Prof. Beneriner. 


(Communicated in the meeting of February 22, 1919) 


The many methods recommended for the pure eulture of anaörobes, 
— whose multitude proves that none of them quite satisfies the 
investigators, — may be distinguished in chemical and biological. 
As to the former, of which Novr’s exsiecator method is certainly 
the best, everything has been tried. This cannot be said of the bio- 
logical methods based on the use of living organisms in particular 
a&robie microbes for the removing of the oxygen. For myself only 
after using the milkmould to that end I have obtained results worth 
fixing once more the attention on it. 

Some chief points from the life history of Oidium lactis important 
for experiments with this species may precede, a complete des- 
eription is not necessary here. 


Properties of the milkmould. 


The milkmould possesses a number of properties which render it 
very fit for experirments in relation to respiration, nutrition, growth 
and symbiosis. It unites the character of the moulds to that of the 
yeasts, in particular with regard to the growth in and upon the sub- 
strate wbich takes place without being accompanied by fermentation, 
as also without the formation of conidia which currents of air might 
spread. Within the substrate the long-celled mycelium is found, on 
the surface the chains of conidia which, even when extending free 
in the air, cohere and never contaminate the environment as moulds 
may do. 

It is easily obtained. A rich growtlı results when market milk 
is left a few days in an open glass in a warm room; the milk 
then always covers with an Oidium film. Lactie acid ferments also 
develop and by their production of acid further the growth of 
Oidium, whilst they themselves are favoured in their development 
by Oidium, because it oxidises (he lactic acid to carbonic acid and 
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water. In garden soil Oidium is generally spread as may be shown 
by inoeulating feebly acidified malt infusion with soil and keeping 
it at 25° to 30° C. The film which finally covers the liquid contains 
besides Mycoderma, always Oidium. Pressed yeast, long whey, sour 
milk, cheese, the output waters of distilleries and all kinds of acid 
sewage, are inhabited by Oidium. Natural habitats are furthermore 
the sap flow of many trees cansed by Cossus ligniperda and allies. 

For pure culture acidified malt infusion- or broth-glycerin plates 
are recommendable. The acid serves ‚to exelude the hay bacteria 
which have a great disposition to grow in symbiosis with Oddıum 
in neutral environment. 

The transfers for the collection are kept on malt-agar, but they 
change thereby in a few months into a tough, leathery mycelium, 
almost exclusively consisting of long mycelial threads diffieult to 
separate and evenly to mix with the nutriment. To obtain normal 
material in this case a new isolation from milk or soil is necessary, 
for the change is an hereditary non-reversible mutation. 

Under favourable feeding conditions thg growth is remarkably 
rapid and the respiration and oxygen absorption go parallel with it. 
This intensity exceeds by far that of the ordinary moulds of the 
genera Penicillium and Aspergullus, whilst it equals that of Mucor. 
This holds, however, only good with regard to easily assimilable 
substances; less decomposable matter such as pectine, cellulose and 
chitine are not attacked by Oidium. Gelatin and agar are neither 
assimilated. Fermentation phenomena, joined with the evolution of 
gas, are as said also wanting. Hence, Ojdium never forms rents or 
holes in the solid substrata wherein it is eultivated, not even in presence 
of glucose. This is one of the reasons why it is so well adapted to 
the culture experiments with the anaörobes to be discussed below. 

The products of metabolism are chiefly or only water and carbonie 
acid; volatile or non-volatile substances noxious to other organisms 
are not produced. 

In regard to earbon-food Oidium exhibits a great specialisation. 
Most hexoses, in partieular glucose, levulose and mannose, are 
readily assimilated and oxidised. Likewise aethylaleohol. Glycerin, 
too, is a very good carbon source. On the other hand, starch, 
raffinose, maltose, cane sugar, mannite and all similar substances, 
are in no way assimilated. Enzymes, as diastase, maltoglucase, in- 
vertase, lactase, are hence completely absent. Glucoside enzymes 
could neither be found. By the absence of these enzymes, Jidium, 
which so easily reacis on the hexoses, is especially fit as a 
reagent on these enzymes in case they are to be detected in parts 
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of higher plants or as products of secretion of other mierobes: 
here the auxanographic method may advantageously be applied. 

Fats are however split up by Oidium, by means oftheexoenzymelipase, 
active outside the cells. Hence, in presence of fats growth of Oidium 
may be expected at the expense of glycerin and this explains the 
general ocenrrence of Oidium as well in milk and butter as in other 
fat-containing materials. For the preparation of lipase the milkmould 
can afford a good starting. material. 

As to the nitrogen food Oidium resembles the ordinary yeast 
species and is in this respect rather many-sided. With exception of 
nitrates and nitrites, and unchanged albuminous substances, the 
ordinary nitrogen eompounds are easily assimilated in presence of 
good carbon food such as glucose and glycerin. This is in partieular 
true for ammonium salts and urea. Peptones and the higher ammino 
acids, if alone, are not or very slowly assimilated, but in presence 
of a good carbon source they may serve as a very good nitrogen 
food, so that the complete nutrition of Oidium in presence of. these 
substances should be called dualistie. Consequently broth bouillon is 
for Oidium an insuffieient food and on a broth-agar plate it develops 
but poorly. This changes however by adding a good carbon source. 
lf this is done locally on a broth-agar plate there results an auxa- 
nogram in the diffusion ceirele of the related matter, which proves 
at the same time that the other elements required for the growth 
of Oidium, as potassium, magnesinm and phosphor, are present 
in suffieient quantity in the broth. As these elements accumulate 
in the young cells, either as the same chemical compound found 
in the substrate or not, such experiments are apt to demonstrate 
the absorption phenomenon formerly described by me. It. is also 
easy in reversing the experiment, that is by feeding with earbo- 
hydrates, to find with the microscope by means of iodine, gly- 
cogen accumulated in the so large Oidium cells and its disappearing 
in the auxanograms of nitrogen food, such as ammonium . salts 
or urea, as soon as the carbon food in the substrate is wholly 
assimilated. 

A feebly acid reaction of the medium furthers the growth of 
Oidium, and organic acids, for example acetie and lactie acid, may 
disappear by oxidation. Other acids as molybdenie and tungstie acid 
‚are in good media, such as glucose-broth-agar, reduced by Oidıum 
to the well-known blue oxides, which gives rise to beautiful colour 
experimehts. In neutral solutions the salts of these acids are however 
not-affeeted so that this is a case of reduction in an acid medium. 
The ordinary alcohol yeasts behave .likewise. 
: 79 
Proceedings Royal Acad. Amsterdam. Vol. XXI. 
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Use of the milkmould for the pure culture of anaörobes. 


In nature the withdrawing of oxygen from the environment, which 
is required for the development of ana&robes, is usually caused by 
aörobic microbes. 

They not only absorb the last traces of oxygen from the sur- 
roundings but even produce reducing substances in it. In the labora- 
tory this may be imitated by adding to a culture medium containing 
in small number germs of the anaörobe to be examined, a great 
number of germs of an appropriate a&robie mierobe. How such expe- 
riments have hitherto been:carried out !) may be illustrated by a definite 
example namely the eultivation of the spore-forıning a&robes of tlıe 
albumin putrefaction; then I will describe the modified method. 

A crude culture of putrefaction bacteria is obtained thus. A stop- 
pered bottle is quite filled with a watery infusion of albuminous 
matter, infected with garden soil and boiled to kill all non-sporo- 
genous microbes. Placed in the incubator the ınass soon passes into 
stinking putrefaction, characteristie by the presence of mercaptans 
produced by the spore-forming anaörobes. Now to ordinary broth-gelatin 
or broth-agar an abundant quantity of some intensively growing 
aörobie bacterium, such as B. uorescens or B. prodıgiosum is added, 
together with a little of the to 90° or 100° C. heated material 
containing the spores of the putrefaction mierobes. After solidifieation 
in a test tube the aörobes near the bottom will soon absorb the 
last traces of oxygen and being unable to grow there, not give rise 
to liquefaction of the gelatin; but they will retain the oxygen pene- 
trating from above and develop strongly in the surface of the gelatin. 
In the lower part of the tube the spores of the putrefaetion bacteria . 
can now germinate and if gelatin is used there will soon appear the 
large liquefying colonies of the so remarkable Bacillus septicus, together 
with the non-liquefying putrefiers, for the greater part recognisable by the 
floceulent structure of their colonies, a character related to their 
sensitiveness to extension and contraction of the substratum where- 
in they grow, quite as by B. Zopfii. For the mieroscopical exami- 
nation this method undoubtedly affords good material, but it is 
hardly possible to reach the single anaörobie colonies without 
touching others. To this end it is necessary to remove the 
culture gelatin from the tube by heating it in the flame so that only 
the outer side of the gelatin melts and the contents may be thrown 


') E. Mact, Trait& pratique de Baeteriologie, 6eEd. T. 1, pag. 305, Paris 1912. 
Bzsson, Technique microbiologique et serotherapique, 6e Ed., pag. 102, Paris 1914. 
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out as a whole. One may also with a file make an ineision in the 
glass wall in the neighbourhood of favourably situated eolonies. But 
it is clear that there is much chance that thereby also different colonies 
intermix so that of a pure culture of anadrobes in the usual sense 
of the word there is no question in such experiments. For exami- 
nation with the mieroscope and for studying the appearance of the 
colonies the method is useful, but for the eulture of pure species it 
is worthless. 

Every good method for pure culture of aörobes and still more of 
anaörobes should answer the following requirements: the colonies 
must be situated quite free and at due distances from each other 
on the surface of the solid plates, they must furthermore be readily 
attainable with the platinum wire. These requirements can only be 
satisfied by ceultivation in ordinary glass boxes or Prrkı dishes, wbich 
may take place in the laboratory by means of the exsiccator method 
of Novr (see Macs, l.c.). 

After this method, — the best of the chemical ones, — ordinary 
culture boxes are placed in an exsiccator filled with pure hydrogen 
and moreover containing some oxygen-removing substance, such as 
ferro-ferrocyan or alkaline pyrogallol. But this method also has its 
drawbacks. It is namely impossible quite to prevent the deposition 
of vapour at the glass covers, so that drops of water falling down 
come on the plates; this makes the colonies intermix and spoils the 
experiment. It is, besides, hardly possible distinetly to see the state 
of development of the colonies in the closed exsiecator, which may lead 
to it being opened too early and oblige the experimenter t0 begin anew. 
This is very troublesome considering the complication of the experiment. 

The Oidium method has none of these disadvantages, and if 
well-managed, produces colonies of the anaörobes situated quite free 
on the surface of the plates and easily reached with the wire. 

The prineiple of the method is the placing one over the other 
of two culture plates, separated by a relatively small space of air. 
One of the plates contains the aörobie mierobe which is to absorb 
the oxygen, while on the surface of the other the anaörobe is to 
grow. Here, also, I select a definite example for illustration, namely 
the strietly ana&robie bacilli of the butyric-acid and the butyl-aleoholie 
fermentations; they bave corresponding nutrition conditions and may 
'be isolated in the same way. They are spore-producers, (hriving best 
in malt infusion where they cause strong fermentations accompanied 
with production of hydrogen and carbonie acid. A crude butyric- 
acid fermentation is prepared as follows. Wheat- or rye-flour, or beiter 


a pap of potatoes infected with soil, is mixed in a glass beaker 
193 
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with water to wlieh is added some caleium-carbonate, then heated 
for a few seconds to 90° or 100° C. Kept at 30° to 40° C. there 
usually results after two days a strong butyric-acid fermentation 
in which oeeur various butyrie-acid baeteria which are then to be 
isolated. 

For the preparation of a erude butyl-aleoholie fermentation crushed 
corn ?) of Hordeum vulgare nudum may be used; a pap of potatoes 
infeeted with soil and heated not higher than 80° to 85° C. will 
also do: addition of chalk is not necessary, the butyl bacteria 
produeing no acid. Of course the spores of butyrie-acid ferments are 
still present in such preparations and the surprising fact that by 
application of the said temperature no butyric-acid but a butylie 
fermentation ensues, should probably be attributed to the injurious 
action of the butyl alcohol on the butyrie-acid ferments. 

The pure culture is effected as follows. 

Malt-infusion agar with 5° to 10° glucose is liquefied and after 
eooling to near. solidification and addition of a great quantity of 
Oidium lactis is plated (Op) in a large glass dish (@s,). At a temperature 
of 25° to 28° ©. the whole surface of the plate is already after 
24 hours covered with a thiek snow-white film of conidia and the 
interior of the agar is wholly interwoven with mycelium, which 
causes a considerable absorption of oxygen. 

A second malt-infusion-agar plate (Ka) without Oidium is now 
prepared in a glass dish ((@s,), much smaller than @s,. The space 
between (rs, and (7s, must be large enough @s, to be caught with the 
fingers. On its surface a little of the material containing the anaörobes, 
that is of the erude butyric-acid or butyl-aleoholie fermentations, 
diluted with sterile water, is spread. Now the lid of the smaller 
dish (@s,) is removed and the plate pressed on the Oidium plate 
the agar side (Aa) upward as shown in the figure. 

For the escaping of the air from Zr a little hole g is bored in 
the glass wall of Gs, and closed with a droplet of paraffin intro- 
duced with a heated glassrod. At 28° to 30°C. the airin Zr, which. 
space can be relatively small, will soon be free from oxygen and 
the anaörobes on Aa can begin to grow. To further tbe absorption 
of oxygen from the agar Ka in @s,, Oidium may also be added 
to it, but then a thin layer of malt agar without Oidium should be 
poured on the surface of Ka to obtain a germ-free surface for the 
sowing of the ana&robes. Oidium being strietly a&robic the mycelia 
do not perceptibly grow through this protecting layer. 


!) Fermentation et ferments butyliques. Archives Neerlandaises I. 39. Pag. 1. 
Bacteries actives dans le voisinage du lin. Ibid. Ser. 2. 1. 9. p- 418. 1904, 
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If the glass dishes have good dimensions and the space Zr is not 
too small, one can sideways look through the glass wall and follow 
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Cultivation of ana@robes by means of Oidium lactis. Gs) large 
glass dish with the oxygen-absorbing Oidium plate Op. Gs, smaller 
dish with the’ culture plate Ka whereon the anaörobic colonies Ak 
grow. Lr space between the plates. At 9 the hole in the glass wall of 
Gs, for the escape of the air from Lr, which is afterwards closed 
with paraffin. Gd glass lid of the large dish @s). The higher 
temperature is at the side of G@d. 


the development of the anaörobie colonies on Ak. So it is easy to 
deeide when the moment for further observation has come without it 
being necessary to remove plate Ka from the Oidium plate Op, 
and thus prevent too early opening. 

When it is time to open, liquefied malt agar must be at hand to 
be poured out over the Otdium plate, especially in the groove 
formed by @s,, as soon as plate Ka is to be restored to its place. 
The fresh food causes new oxygen absorption by Oidium and the 
srowth of the anaßrobes can go on. 

For the success of the experiment it is essential to mind the 
following. The placing in the ineubator should be managed in such 
a way that the Oidium layer Op comes in the cooler, and the 
cover (@d as also plate Ka in the warmer part. The vapour in Zr will 
then condense in Op and not on the surface of Ka. In the reversed 
position Ka will become moist, the colonies intermingle and the 
experiment fails. Hence the figure is represented in such a position 
that the colder air is above, the warmer below, as is the actual 
state in an incubator with bottom-heat. How simple all this may 
appear, in the execution it will be found necessary to pay special 


attention to it. 
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In this way it is possible from the ordinary erude butyrie-acid 
fermentations, obtained as described above, to separate three distinetly 
different Amylobacter species, two of which I described already 
before (Proceedings Vol. 12, Pag. 973, 1903) under the names 4. 
(Granulobacter) sacchurobutyrieum and A. (@.) pectinovorum, while 
from the butyl-aleoholie fermentations two species were isolated, one 
of which produces large slimy colonies and was described as 
4A. (Gr) butylicum (Archives Neerlandaises, 1'° Serie, T. 29, Pag. 2), 
whereas the other, wbich secretes no slime, has not yet been 
investigated. The colonies of all these species Colour dark blue with 
iodine like starch, the staves and clostridia containing a great 
quantity of granulose. 

The butyrie-acid and butyl-aleoholic fermentations acquired in 
other ways than the above mentioned have not yet been examined 
thoroughly. 

As the anaörobie Sareina ventriculi likewise develops very 
well on malt-infusion agar at 30° tot 37° ©. (Proceedings 28 April 
1911, Pag. 1412), this species may be isolated just in the same way 
as the above. 

As regards the spore-producing bacteria of the real protein putre- 
faclion the Oidium-plate may be prepared just as in the experiment 
described, only for the eultivation of the ana&robes themselves in 
@s, it is better to make use of brotli agar with 0.5 or 1 °/, common 
salt, either with addition of 2°/, glucose or not. In this case, too, 
nutrition with carbohydrates gives in some species rise to production 
of granulose, in others not. 

Another anaßrobe isolated by the Oidium-method is Baecillus acidi 
urici (Proceedings 23 April 1909, Pag. 990), which ferments urie 
acid to carbonie acid, ammonium acetate and ammonium carbonate 
This species also develops best on broth agar at 30° to 35° C. 

For beginners it must be noted that on plate Ka the facultative 
anaßrobes, such as Bacterium aörogenes and B. coli, develop quite 
well, as may be proved by streaking off all the colonies Ak on 
aörobic plates on which the anaörobes only do not grow. This is 
in accordance with the fact that at the starting of the experiment 
some oxygen is present in Zr sufficient for the very small oxygen 
want of the facultative, better called temporary anaßrobes. 


Anatomy. — “The sympathetic innervaoon of the cross-striated 
muscle fibres of vertebrates.” By Prof. J. Bowuke and Dr. J.G. 
Duss£er DE BARENNE. 


(Communicated in the meeting of January 22, 1919.) 


Some years ago one of us, partly in these proceedings and in 
the transactions of this Academy '), published a number of observations, 
which tended to show that on the cross-striated muscle fibres of 
reptiles, birds and mammals there existed, beside the usual motor 
endplates, still a second set of hypolemmal nervous endorgans, very 
fine and delicate, which are seen in BirtLscHowsKY-preparations as 
very small neurofibrillar end-rings and small end-nets, Iying on the 
surface of the musele-fibres at the end of fine non-medullated nerve- 
filaments. These so-called “accessory” nerve-endings lie hypolem- 
mally on the muscle-fibres embedded in the granular sarcoplasm of 
the fibre, and in some cases are found in the same layer of granular 
protoplasm which surrounds also the terminal ramifications of the 
common motor end-organ; in other cases they are found as separate 
endings, lying embedded in a distinet layer of nucleated sarcoplasın 
independent of the motor sole, but, as far as could be made out, 
they always appear as hypolemmal structures. The. non-medullated 
nerves that have these end-organs attached to their terminal nerve- 
ramifications, are seen running in bundles between the muscle-fibres, 
remain amyelinie throughout their whole course, and seem to form 
a distinet system of nerve-fibres, independent of the motor and 
sensible nerves. These observations, and especially the amyelinie 
structure of these nerve-fibres gave room for the supposition, that 
this so-called “accessory innervation’” (Bozkz, 1909) is of a sympa- 
thetice nature, and in this way the conclusion was drawn (Bokke, 
1909, 3911) that the cross-striated muscle-fibres (the end-organs, 
mentioned above, were found in the muscles of the tongue, the eye, 
the iris, the back, the m. pectoralis, in the intercostal muscles, and 
afterwards Aovacı found the same structures in the muscle of the 
diaphragm) are not only innervated by the spinal nerves, but also 
by the sympathetie system. The function of this sympathetie inner- 


1) J. Borre, Studien zur Nervenregeneration I and II. Verhandelingen K. A. W. 
Second series. Vol. 18 and 19. 
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vation might be of a tonie or of a trophie nature. This question 
however is to be answered by means of physiological experiments, 
and the investigation of it therefore must be left to practised phy- 
siologists, and need not to be discussed in this paper. 

The sympathetie nature of these “accessory” fibres eould be shown 
afterwards by eutting the eye-musele-nerves (trochlearis, oculomotorius) 
directly after they have left the mid-brain, which caused the sensible 
and motor nerve-fibres to degenerate. The accessory non-medullated 
nerve-fibres however and their end-organs on the muscle-fibres 
remained unaltered (Borke, 1911, 1916), which could only be ex- 
plained by admitting, that they are transferred to the eye-musele 
nerves by way of the sympathetie branch, which reaches the orbita 
along the arteria opthalmica from the plexus caroticus, so that they 
were not disseeted when the eye-muscle nerves were eut directly 
behind their place of origin from the brain-stem. 

Experiments, in which a series of spinal nerve-roots of the cat 
were cut, made in collaboration with Prof. Maenus, however did 
not give clear and unquestionable results, which perhaps may find 
its explanation in the fact, that the elements of the sympathetic 
nervous system generally take the stain far less readily than the 
other nervous elements. A negative result of a staining reaction is 
therefore in no case evincing for the non-existence of these sympa- 
thetice elements. Afterwards similar experiments have been executed 
with better results, and Dr. Acpunr, who has a communication on 
this subjeet appearing in this number of the Proceedings, obtained 
the same definite and positive results with the muscles of the extre- 
mities as those, which we are going to describe for the intercostal 
musculature. 

The experiment, the result of which we are going to describe 
here, was executed by one of us (D. pe B.) in the following manner: 

In a cat were extirpated at the right side of the medulla spinalis 
inside tlıe dura mater a series of 4 consecutive ganglia spinalia with 
simultaneous section of the corresponding posterior and anterior 
roots. This was done on the 15% of February. The wound healed 
per primam, the animal remained healthy. A month afterwards 
(15'" of March) the animal was killed by chloroform, and the blood- 
vessels were cleaned thoroughly by rinsing them with Rıngre’s fluid. 
After that the thoracie wall was rinsed with a neutralised solution 
of formalin (12 °/,), and preserved in formalin 12°/,, alcohol 60 °/,. 
The autopsy showed that the posterior and anterior roots of thoracalis 
VI, VII, VIII and IX with the corresponding ganglia spinalia were 
eut through. The most reliable results therefore were to be expected 
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Fig. 2. 
DESCRIPTION OF FIGURES. 


Fig. 1 en 2. Muscle-fibres from the musc. intercost. of the 7!h intercostal 
dullated nerve-fibres and end-organs, which remained intact 
after the dissection of the roots and exstirpation of the ganglia spinalia ofthe 
VI, VIL, VII and IX intercostal nerve in the cat. Magn. 1800 diameters. 
sy = sympathetic nerve-fibres. 
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from the mieroscopieal examination of the intereostal museles ofthe 
seventh intercostal space. Pieces of these museles were cut out, 
stained after the method of Bırıschowsky and afterwards cut into 
serial sections of 10u—30u and studied. 

The staining reaction gave excellent results, even the finest neu- 
rofibrillar threads being distinetly visible in the sections, and from 
the examination of the_serial seetions the following eonelusions may 
be drawn: the axis-cylinders and the myelinie sheaths of the motor 
and sensory nerve-fibres were entirely degenerated and had disap- 
peared. Only the neurilemma and the nuclei of Schwann remained 
visible in ‚the form of the eurious protoplasmie bands of Büngner, 
so characteristie for degenerated nerve-fibres; of the original motor 
end-plates no trace was to be found, only the thiekened layers of 
multinucleated granular sarcoplasm (soles) were to be seen, indica- 
ting the place of the original motor end-plates, the neurofibrillar 
structure itself having entirely disappeared. So the motor and sensory 
nervous elements of the intercostal muscle-fibres of the 7*h intercostal 
space were absolutely degenerated. Not a single medullated nerve-fibre 
was left intact. But then there appeared in the sections between the 
muscle-fibres thin bundles of fine non-medullated nerve-fibres, often 
composed only of two or three threads (fig. 1 and 2), and when we 
follow these fibres under the microscope until the point where they 
seem to end, they appear to be connected with the muscle-fibres by 
means of very small and delicate end-organs, end-rings or loops or 
small endnets (fig. 1, 2). Not only at the end of the nerve-fibres, 
but also here and there in their course, often small side-branches 
are given off, which come into connection with the muscular fibre 
across which the nerve-fibre is running, by means of the same small 
endrings. A look at fig. 2 gives a better idea of the structure and 
form of these different endrings than a long and detailed description. 
Fig. 1 teaches us, that besides the small endrings and endnets more 
complexiy built structures occur also, but even these are always 
finer and more delicately built than are the common motor end-organs. 
This case besides shows us the terminal ramifications of the neuro- 
fibrillar structure Iying embedded in a layer of granular sarcoplasm 
which eontains a number of nuclei (3). This seems to indicate, that 
the endorgan in question has a hypolemmal position. 

In fine, the form of these end-organs and their neurofibrillar 
structure are exactly identical with that of the terminal ramifi- 
cations and end-organs of the non-medullated nerve-fibres, which 
remained intact in the eye-museles after the stem of tbe eye-muscle 
nerves had been cut through (Borke, 1911, 1916), and we may 
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reckon them to belong to the same class of the so-called “accessory’ 
innervalion apparatus of the cross-striated muscle-fibres. 

These nerve-fibres and their endorgans on the voluntary muscle- 
fibres, described above, cannot well be otherwise than of a syınpa- 
thetic nature. Non-medullated nerve-fibres in general take a longer 
time to degenerate after section of the nerve than do the medullated 
fibres and their end-organs. Whilst as a rule 3 or 4 days after 
disseetion of the nerves all the motor nerve-endorgans on the muscle 
fibres have disappeared, it is possible to find here and there in the 
sections seemingly intact non-medullated nerve fibres as long as 14 
days after dissection of the nerves. But wben we give the nerve- 
fibres, as was done in the experiment described above, a montlı to 
degenerate in, before the animal is killed, we are sure to find all 
the dissected nerve-fibres, medullated and non-medullated degenerated. 
So when, after the lapse of a month, we kill the animal, and when 
we then find in the sections intact nerve-fibres, clearly and sharply 
outlined, which take the neurofibrillar stain readily, and are found 
ending in beautifully-stained regular endrings and endnets, we are 
justiied to draw the conelusion, that these nerve-fibres were not 
cut through when the nerves were dissected. It follows’ from the 
description of the experiment, that these intact nerve-fibres must be 
fipres which enter the nerves after the ganglion spinale has been 
passed, and whose trophie centre, the ganglioncell, lies outside the 
medulla spinalis and outside the ganglion spinale, viz. sympathetie 
nerve-fibres, derived from ganglion-cells lying in the ganglia of the 
sympathetie chain. 

So our experiment has given convineing evidence for the exactness 
of the conelusion, drawn by one of us (Borke, 1911, 1916) from 
his former observations. 

[t is proved by the results of our experiment, at least for the 
muscles of the trunk, not only that the accessory fibres and their 
end-organs belong to the sympathetie system, but also, that they. are 
sympathetic elements with a centrifugal, efferent trans- 
mission of nerve impulses. 

In the communication by Dr. Acpunr, appearing in this same 
number of the Proceedings, it will be shown, that the identical con- 
celasion may be drawn for the muscles of the extremities. 


Leiden, 


Direchk! January 1919. 


Anatomie. — “Are the cross-striated muscle fibres of the extremities 
also innervated sympathetically®’ By Dr. Erık Acpunr. (Com- 
municated by Prof. J.. Börkr). 


(Communicated in the meeting of 25 Jan. 1918). 


In the Anatomischer Anzeiger, Bd. 44 Boekk'!) gives an account of‘ 
how he has shown morphologically that the eross-striated muscle 
fibres in the m. obliquus oculi superior of the cat are innervated not 
only by cerebral but also by sympathetie nerves. He describes 
how he made a section of then. trochlearis near the basis of the brain 
and let the animal live till the nerve fibres that had been cut off, 
peripherically of the place where the sections were made, had under- 
gone degeneration that could be proved morphologically. He also 
found in BiELscHowskY-impregnated sections from the m. obliquus 
oculi of the animal that tlıe medullated nerves had undergone dege- 
neralion. By the side of these degenerated cerebral nerves BorkE 
found, however, intact nerves free from medullary sheaths, which 
ended in terminal loops in or on the muscle fibres. 

BorkE was able to show that the terminal loops had a hypo-lemmal 
position and on account of this he is of the opinion, that the intact 
nerves are of an efferent nature. The position on the muscle fibres 
of the terminal loops of these nerves was partly inside and partly 
outside the region of a motor plate. In this way Borkr had of course 
put forward evidence of the innervation of the eross-striated muscle 
fibres by sympathetie nerves as well. | 

This morphological evidence of Boske has caused me to investi- 
gate the oceurrence of such nerves in the musculature of the extre- 
mities. It is well known, that the inner orbital muscles are exceed- 
ingly well supplied with nerves, and the possibility that only these 
and no other cross-striated muscles are innervated sympathetically 
is of course quite a reasonable one, even though it is not obvious. 
During my investigations on the plurisegmental innervation of the 
geparate cross-striated muscle fibres I had in addition observed in 
the muscles of the extremity a number of terminal organs of nerves, 
which I could not interpret with certainty. I had also noticed a 


1) BoEKE, J. Die doppelte (motorische und sympathische) efferente Innervation der 
quergestreiften Muskelfasern. Anat. Anz., Bd. 44, 1913. 
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number of nerve endings that reminded me of those described by BoEKE 
as “accessory”. This state of affairs compelled me, before continuing 
the segmental investigations mentioned above, to attempt to answer 
the question: “Are the cross-striated muscle fibres of the extremities 
also innervated: sympathetically?”, and in addition, in case the 
question could be answered positively, to study in somewhat more 
detail the terminal organs of these nerves in the extremity-museu- 
lature. 

There were really two ways in which l could set about answering 
this question, I could either bring all the spinal nerves in tlıe 
extremities into degeneration, taking care that all the sympathetic 
nerves to the extremities remained intact, or else I could bring the 
sympathefie nerves into degeneration while the spinal ones were 
left intact. I chose both methods, so that I might possibly arrive at 
results that agreed with each other and that were therefore so much 
more certain. 

In order to bring into degeneration the sympathetie nerves of the 
extremity the ganglion stellatum of one side was extirpated in two 
cats. The cats were kept alive for a few days (four and six respec- 
tively) after the operation. In seetions of B-impregnated extremity- 
muscles from the animal in which degeneration had proceeded farthest 
I was successful in showing the remains of degenerated nerves that 
were without meduliary sheaths. I shall give a more detailed account 
of this part of the investigation in a more complete description. I 
shall enter here into somewhat more detail about the other part, i.e. 
the bringing into degeneration of the spinal nerves, taking care that 
the sympathetie ones remained intact. 

I cut off the last four cervical and the first two thoracal nerves 
in the foramina intervertebralia of several cats. The sections were 
made between the ganglion spinale and the place where the ramus 
communicans albus goes off. The wounds were sutured and began 
to heal per primam intent. The animals were killed after different 
periods of time varying from five to ten days after the operation. 
The animal from which were taken the preparations, on which the 
following description is based, was killed five days after the operation. 
On account of the operations that had been carried out it eould 
thus be assumed that after a suffieient length of time degeneration 
would occur — peripherically of the place of the section — in 
the spinal nerve fibres of the segmental nerves that had been cut 
off and also in their pre-ganglionar sympathetie nerves. On the other 
hand there was reason to expect that the post-ganglionar sympathetie 
nerves were kept intact. The shortest of the periods of degeneration 
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taken should be sufficient to show degeneration (peripherically of 
the place where ihe cut was made) in Ag — impregnated prepa- 
rations of the nerve fibres that had been cut off. TkLto !) gives 
further details about the time of the appearance of degeneration 
(hat can be shown morphologically in the nerves peripherically of 
the place of the section. 

The plexus brachialis of the cat is generally formed by the 
ventral branches of the first thoracie nerve (I have sometimes, how- 
ever, observed a fine branch from the second thoracie nerve) and 
the last three cervical nerves. As is shown above, one segmental 
nerve cranially and one caudally of those that generally form the 
plexus had thus been caused to degenerate. This was done to ensure 
complete certainty that, even if some branch might possibly come 
from these contiguous nerves to the anterior extremities, all the 
spinal nerves there would have undergone degeneration. After the 
animal had been killed, the results of the operation were carefully 
verified, and they were found to be good. The animal in question 
had no branch from the second thoracal nerve to the plexus brachialis. 
After the blood had been removed by injecting physiological solution 
of common salt from the heart, the anterior extremity on the side 
where the animal had undergone the operation was fixed by inject- 
ing a twenty per cent solution of formaldehyd from the a. axillaris. 
The extremity was kept for some time in formalin. The mm. interossei 
were impregnated according to my modifications?) of BıeLscHowsKY’s 
method of silver impregnation. ; 

It was clear from sections of the impregnated muscles that all 
the myelinized nerves, botlı the motor ones and the sensory ones, 
had undergone degeneration. On the other hand I found quite a 
number of intact non-medullated nerves. These intact nerves were 
found in the preparations partly together with bundles of degenerated 
spinal nerves and partly along vessels. I was able to follow a large 
number of the intaet non-medullated nerves out to their terminal 
organs. These terminal organs were situated partly on ordinary 
cross-striated muscle fibres and partly on muscle 'fibres in muscle- 
spindles. I shall give a more detailed account of the sympathetie 
terminal organs in muscle spindles in a later and more complete 


| 1) Tetro, F. Degeneration et regeneration des plaques motrices apres la section 
des nerves. Travaux du laborat. de rech. biolog. publ. par $.'R. CGAsAL, Tome V, 
1907. : 

2) Erık Acpur: Ueber Stückfärbung mit Bielschowskys . Silberimprägnations- 
methode. — Einige Modifikationen. Zeitschr. f. wiss. Mikrosk. u. f. mikrosk. 
Techn., Bd. 34, 1917. 
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description. The accompanying figures give an idea of the appearance 
of the sympathetie nerves and their terıninal organs on the ordinary 
cross-striated muscle fibres. 

Figures 1, 2, 3, and 4 are drawn from preparations of the mm. 
interossei mentioned above. (I have drawn the figures with the help 
of the following optical aids — ABsw’s drawing apparatus and Leitz 
immers. '/,a oceul. 4 for figs. 1, 2 and 3, Reicherr’s drawing 
apparatus and Zeiss apochr. homog. immers. 2 mm. apert. 1.3 comp. 
ocul. 6 for fig. 4). On account of the operations that the animal 
had been subjected to, and on account of the-length of the period 
of degeneration there is reason to 'assume that the intact nerves 
which are found in the preparations and which are reproduced in 
these figures are of a sympathetice and post-ganglionar nature — this 
is more especially the case, as l also obtained similar results in the 
animal that had undergone the corresponding operation, but in which 
the period of degeneration had been ten days. 

The preparation on which fig. 1 is based shows at d) a degene- 
rated spinal nerve that ends in a similar degenerated motor plate on 
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‚the left muscle fibre. At a, we have an intact sympathetic nerve 
‚that ends with a loop in a degenerated motor plate. At a the prepa- 


ration has an intact sympathetie nerve that passes away along the 
left muscle fibre forming loops and varicosities. This nerve fibre 
has no terminal loops in this preparation, but at one place half 
way between a and d a part of the extension of the nerve fibre is 
connected with a periterminal network and seems on this account 
to be situated hypolemmally. “ 

The preparation that forıns the basis of fig. 2 shows, among other 
things, a muscle fibre with two degenerated motor terminal plates. 
These terminal plates are clearly situated on the same muscle fibre 
and are at such a distance from each other as one generally sees 
in plurisegmental spinal innervation of separate cross-striated muscle 
fibres. An intact sympathetic nerve (a) with a simple loop formation 
terminates within the region of the motor plate (d). There are thus 
instances of sympathetic nerve fibres in the museulature of the 
extremity as well, that terminate within the region of a motor plate. 

Figure 3 is drawn from a preparation that shows one degenerated 


Fig. 4. 
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spinal nerve (d) low down to the left. The others are ig sym- 
pathetic nerves that pass away with the formation of loops and 
varicosities along the muscle fibres (a and a7) or over and across 
these (a). I could not show any terminal loops or other connections 
with the interior of the musele fibres in this preparation in the case 
of the nerve fibres a. The nerve fibres a,, on the other hand, end 
in a terminal plate with rather abundant ramification. In this, 
as is shown by the figure, the different nerve fibres come to an end 
with almost eircular terminal loops. At a couple of places in this 
plate there appeared a connection beiween.the coarser neurofibril 
net and a peri-terminal network, which of course is in favour of a 
hypo-lemmal position for the sympathetie plate. This sympathetie 
terminal plate (a7) is rather remarkable. Its great extension and its 
abundant neuro-fibrillar ramifications might easily lead one to suppose 
that we are concerned here with an ordinary motor terminal plate. 
That this is, however, not the case is shown, first, by the slender 
non-medullated nerve-fibre, a, which can be followed in several 
preparations (as the preparation belongs to a continuous series) and 
secondly by the fact that the -nerve is intact after the operation 
mentioned above and after a long period of degeneration. 

The preparation from which figure 4 is drawn shows, among 
other things, a muscle fibre with a degenerated motor terminal 
plate and a short distance (less than the length of the plate in 
question) from it another terminal plate of a nerve. This last ter- 
minal plate must consequently be of a sympathetie character to the 
preceding one. It is certain that the two terminal plates are situated 
on the same muscle fibre. We see here the interesting fact that 
two terminal plates of nerves, a motor one and a sympathetie one, 
the former degenerated and the latter intact, and the syınpathetie 
terminal plate having also a great extension on the muscle fibre, 
are situated. on the same muscle fibre and are at a distance from 
each other such as one finds between the motor terminal plates in 
a spinal pluri-segmental innervation of the separate muscle fibres '). 
In my opinion, however, it is as a rule easy to distinguish, even 
in preparations where all the nerves are intact, between motor and 
sympathetic terminal plates of nerves and thus to decide, when 
several terminal plates of nerves occur on the same muscle fibre, 


') Erık Acpur: Morphologischer Beweis der doppelten (plurisegmentalen) moto- 
rischen Innervation der einzelnen quergestreiften Muskelfasern bei den Säugetieren. 
Anat. Anz. Bd. 49. 1916. as 

Erık AGDur: Ueber. die plurisegmentellen Innervation der einzelnen querge- 
streiften Muskelfasern. Anat. Anz. Bd. 50, 1919. 
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whether there is a motor double innervation or a double innerva- 
tion by means of a motor and a sympathetic terminal plate. This 
point will be discussed at greater length in a future and more 
detailed account. 


Summary. 

All tbe spinal nerves, whose ventral ramifications form the plexus 
brachialis, have in some cats been cut off between the spinal ganglion 
and the place where the ramus communicans albus goes off. When 
from five to ten days had elapsed after the operation, the animals 
were killed. ‚In sections of Ag.:impregnated mm. interossei from the 
anterior extremity on the side operated on I found that all the 
nerve fibres that had medullary sheaths were degenerated, but that 
there were fairly numerous intact nerve fibres without medullary 
sheaths. On account of the operations the animals had undergone 
and the existing period of degeneration in {he spinal nerves that 
had been cut off I have reason to believe that these intact non 
medullated nerves are of a sympathetic and post-ganglionar nature. 
We are thus faced by the exceedingly interesting fact that the eross- 
striated muscle fibres, even in the museles of the extremity, are 
innervated by n. sympathicus — corresponding to what Boske showed 
morphologically to be the case for the inner orbital muscles (m. 
obliguus oculi superior). These sympathetie nerves in the extremity 
musculature terminate in comparatively simple loop - formations 
partly (among other places) on ordinary cross-striated muscle fibres 
and partliy on muscle fibres in the muscle spindles. I have reason 
to believe that the great majority of these sympathetie terminal 
plates — both on ordinary muscle fibres as well as on those in the 
muscle spinalles — are: situated hypo-lemmally — just as Botekr 
described them in, among other places, m. obliquus oculi sup. of the 
cat. I have also, however, preparations which indicate that there 
are also epilemmally situated sympathetie terminal plates in the 
extremity-musculature. A number of the sympathetie terminal plates 
on ordinary cross-striated muscle fibres are situated within the region 
of extension of the motor plates,. but the majority lie outside it. 
Among the sympathetie terminal plates that are situated outside the 
region of the motor plates I have examples of some that have a 
rather large extension on the muscle fibres and on account of 
this, approach the motor terminal plates. 
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Anatomy. — “Once more the innervation and the tomus of the 
striped muscle”. By Dr. J. G. Dusser DE BARENNB. (Commu- 
nieated by Prof. J. Borke)''). 


(Gommunicated in the meeting of January 29, 1919). 


In eontinuation of a previous communication), to which I think 
I may refer by way of introduction, I want briefly to revert to 
this question. 

In the first place to communicate some further experimental facts 
and in the second place to recall my critieism on a communication 
by G. Mansrenp and A. Lucäks”), now that I have come to the 
conelusion that the former is not sound. 

In that previous paper I have proved that S. pe Borr’s opinion, 
that the tonus of the striped museles should be governed by 
the sympathetice nervous system, is incorrect. That further 
neitber the cadaveric-rigidity, nor, as has already been shown 
by me‘) before and has been confirmed by van. RiJNBERK°) since — 
the decerebrate rigidity have anything to do with sympathetic inner- 
vation. Only a slight, though clear hypotonus of the muscles of the 
hindleg was perceptible witlı warım-blooded animals and frogs, after 
unilateral resection of the abdominal sympathetiec. 

The result with my cats was that this symptom only disappeared 
in the course of 5 to 8 weeks. So I thought I had better not 
consider it a shock-phenomenon and as none of the other, in 
my opinion plausible explanations were decisive°), I had to leave 


!) The experiments communicated here, were partly performed by Mr. H.J. Havır, 
med. stud. at Leiden, during my stay at Delft in the winter of 1917/1918. 

2) Ueber die Innervation und den Tonus der quergestreiften Muskeln. Pflüger’ s 
Archiv, Band 166, 1916, p. 145. 

8) Untersuchungen über den chemischen Muskeltonus. l. Pflüger’s EN Band 
161, 1915, p. 467. 

*) Ueber die Enthirnungsstarre (Decerebrate rigidity Sherrington’s) in ihrer 
Beziehung zur efferenten Innervalion der quergestreiften Muskulatur. Folia Neuro-: 
biologica, Band 7, 1913, p. 651. 

5) Recherches sur le tonus musculaire et son innervation, Il. tonus musculaire 
et rigidit® de d&cer&bration. Archives n&erlandaises de physiologie de l’homme et 
des animaux, tome I, 1917/1918, p. 726. 

8, Cf. for ie (Pflüger's Archiv.), Bd. 166, p. 166 and 167. 
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this experimental fact unexplained for the present. For this reason 
I thought I was right in not rejeeting absolutely the supposition 
{hat the sympathetie nerve would partially influence the tonus of 
the striped muscles. Since that time two commnnicalions by E. Ta. 
von Brücke!) have been published from which it appears (hat he 
too has been able to observe initial hypotonus of the same kind 
in the acute experiment as was evident in my animals; but only 
during some days, after which“the bypotonus disappeared altogether. 

lf this result should prove to be right in the greater number 
of the cases, the long ‘duration of that initial bypotonus in my 
experiments would certainly have to be made dependent on other 
factors, which however would have nothing to do with the tonus as 
such. 

With this the last support of ps Borr’s theory would drop. 

For not only it has been proved that neither rigor mortis nor 
decerebrate rigidity are due to ihe sympathetice nervous system but 
besides this it has become evident to me that another phenomenon 
— mentioned by pe Borr as being governed by the sympathetie — 
has nothing to do with it. 

The “nose of Funke” occurring again and again in the muscle 
contraction curve was to disappear after extirpation of the sympa- 
thetic nerve chain. 

After this resection 1 very often distinetly observed the “nose of 
Funke” in the muscle nerve of the frog, both with electrical and 
mechanical stimulation of the spinal cord, not only in the acute 
experiment, but also if the extirpation of the sympathetie chain, 
was done 2 months before the actual experiment and the post-gan- 
glionie sympathetic nervefibres had degenerated. 

This positive fact is of course decisive in face of the negative 
one of px BoER. 

Three eurves stating this experimental fact follow below. ?) 


I) J. Negrın y. Lopez and E. Tu. von Brücke. Zur Frage nach der Bedeutung 
des Sympathieus für den Tonus der Skeletimuskulatur. Pflüger’s Archiv, Band 166. 
1916, p. 55. 

E. Tu. von Brücke. Neuere Anschauungen über den Muskeltonus. Deutsche 
medizinische Wochenschrift, 1918, N. 5 and 6. 

2) In order to prevent a possible misunderstanding, I want to make the following 
remarks. The appearance of the “nose of Funke” in the muscle curve is often 
very variable. Somelimes it appears very distinctly as a second top in the curve. 
As is visible in fig. I, very often its presence is only obvious from the fact that 
the duralion of the elsele contraction eurve is much longer than the duration of 
the single muscle contraction as in fig. 2 and 3. Between these all kinds of tran- 
sition forms are to be found, also with respect to the place in the curve, where 


g0* 


en 
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When I published this communication’) & propos of van KIJNBERK’S 
tabular scheme*?) the latter®) maintained that the fact of the “nose 
of Funke” still occurring after extirpation of the sympathetic does 
not prove in the least that the stimulations which cause this pheno- 
menon, do not travel by the sympathetic fibres, when they are 
uninterrupted. 

Little is to be said against this argument, but on examining it 
elosely, it is yet somewhat sophistical. I am of the opinion that, 
when during an experiment a phenomenon occurs, notwithstanding 
the experimental eireumstances and conditions, one has a right 
provisionally to draw the conclusion that the phenomenon con- 
cerned is not dependent on those experimental eircumstances and 
conditions. 

What value van RiJNBERK attaches to his own objection is evident 
from the fact, that, if he had thought it serious, he would have left 
his own essay on the connection between sympathetie innervation 
and decerebate rigidity unwritten. Furthermore does he himself sin 
against it in the same table, a few lines higher. For he ought at 
least to have put a? after the sympathetic genese of the second 
veratrine top. This one indeed is also present after extirpation of 


‚the sympathetic. 


Van RiısnBerk does not however infer from this, as one might 

expect from his above-mentioned reasoning that therefore stimulations 
causing the second veratrine top under normal innervation conditions 
might travel along the sympathetic fibre, but he conceludes that the 
sympathetie has nothing to do with the second top. 
‘ This last reasoning and experimental fact are quite in harmony 
with my own opinion and experience. For it has been proved that both 
during the acute experiment and the chronie, when the sympathetic. 
nerve fibres are degenerated, the second veratiine top still oceurs 
in the muscle contraction, caused by stimulation of the spinal cord, 
either electrical or mechanical. 


the nose occurs Of. for this viz. T. GraHam Brown. Pflüger’s Archiv. Band 125, 
1908, p. 491. We do not know yet what is the meaning of ihe “nose of Funke”, 
In my opinion it is not impossible that several different phenomena are hidden 
behind this. For the sake of brevity I used the term “nose of Funke” without 
pronouncing as my opinion that this is a well known single phenomenon. 

\) Spiertonus en ontherseningsstijjfheid. Nederl. Tijdschrift voor Geneeskunde, 
1917). 1, 2..1250, 

?) Van Rungerk. Spiertonus en ontherseningsstijfheid. Neder]. Tijdschr. voor Genees- 
kunde, 1917, I. p. 1634. 

3) Answer of van Rımperk to the remark cited Neder!l. Tijdschrift voor Genees- 
kunde, 1917, I, p. 1757. 


Fig. 1. Experiment B.. 


Frog. Acute experiment. Right sympathelic chain extirpated (under narcosis of 
eiher) from N.V. to N. XI inclusive. Curves registered half an hour after the resec- 
tion. Electrical stimulation of the cross section of the caudal part of the spinal 
cord with “make induction shock”. In primary circuit #'/, volts. In secondary 
eircuit, except the resistance of the substance of the spinal cord, a resistance of 
60.000 ohm, distance of coils 50.5 mm., small inductorium. Loading of the muscles 
about 12 grams. Curve 1 of left gastrocnemius. Curve 2 registered by right 
gastrocnemius. 


Fig. 2. Experiment Ci 28. 
Frog. Acute experiment. Right sympathetic chain extirpated (under narcosis of ether) 
from N. IV to N. XI inclusive. Cu:ves registered 45 minutes after resection. Tem- 
perature room 113/,° C. Mechanical stimulation of the spinal chord several seg- 
ments above the origin of the roots of the Nn. ischiadiei by the prick of a pin, 
Time curve =Yy,”.„Loading of the"muscles about 12 grams. Curve 1 of right leg, 
curve 2 of left leg. 


Fig. 3. Experiment B 2. 
Frog. Acute experiment. Right sympathetie chain extirpated under narcosis of ether 
from N. IV to N. XI inclusive. Curves registered 32 minutes after resection. Mecha- 
nical stimulation of the spinal cord far above the origin ofthe roots of the legnerves. 
Loading of the muscles .about 12 g. Curve 1 of left gastrocnemius, curve 2 of 
right gastrocnemius. 
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Wherever it oceurs with degenerated endplates, at the same time 
another plausible genese of that top, to which I alluded ') before 
but which I already thought improbable, appears to be inconsistent. 

In the acute experiment one might always suppose that owing 
to the musele contraction indicated by the first top, the undegene- - 
rated sympathetie endplates in the acute experiment are stimulated 
in the muscle itself and thus cause the second top by secondary 


peripheral stimnlation. 


When we take into consideration all the facts published until 


now on the tonus question in connection with the double innervation 


of the striped museles — which van RısnBErk neglected — we come 
to quite a different view from the one van RıJnBErK has given us 
in his table. 1 will first reproduce the table of van RıynBerk, then 
a similar one, which in my opinion offers the right data in this 
respect. Several of tbe extraordinary altogether enigmatical contra- 


dietions from van RIJNBERK’S table have disappeared in my table. 
Table of van RısnBERK on p. 740, Archives n&erlandaises I.c. 
Chimisme, Innervation. | Type du tor 
augmentation de en 
| creatine. Sympatique. nn ı Plastique. | Cor 
Rigidit&E de decerebration . -- |, cert. pas + cert.- pas 
Rigidit& cadaverique . — | | En + 
Tonus de Brondgeest et | + Er 
Tonus de raidissement . + er En | 
2e sommet de veratrine. _ cert. pas — , cert. pas 
Contract, chaleur.—Ca Ch ...! + N 
Tonus du froid.. ie \ pas aminz 
Nez de Funke . pas examine. | + | + | 
Right table in my opinion. | 
i Chimisme, Innervation. 
augmentation EST 
de cr&atine, |Sympatique.| "notrice. 
Rigidite de decerebration . + — 2 
Rigidit& cadaverique . RE + | _ | = 
Tonus de Brondgeest (tonus m&chanique) + | —(?) + 
Tonus de raidissement (tonus volontaire) + pas examine. + 
Nez de Funke pas examine. _ En 


I left out the other facts, mentioned in the columns of the table of VAN RIJNBERK, 


 D. pe B. Ueber die Enthirnungsstarre u.s.w. Folia Neurbiologica, Band 7, 


1913, p. 653 and 654. 
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which Ireproduced here. Theforms of muscle-shortening indicated in these, perhaps 
or even probably arise from stimulation of the muscle-substance itself, so they have - 
a muscular origin, in which the nervous system does not play any part. I left out 
the columns on the two types of tonus after LANGELAAN, because his division does 
not agree in my opinion, with several physiological facts. (See the criticism in my 
communication on muscletonus in PFLUGER’S Archiv, Bd. 166, p- 163—165). I put 
the? in the second column of my table referring to the initial hypotonus in the 
‚acute experiment (DUssER DE BARENNE— VON BRÜücKE). 


Although it has appeared that none of the views uttered by 
De Borr in this question is right, I have still tried in some other 
experiments to obtain proofs in favour of the supposed connection 
between muscle tonus and sympathetic innervation. My reasoning 
was the following: Supposing that the sympathetie nervous system 
has something to do with the mechanical musele tonus, with the 
inward support of the muscles, then we might expect that some 
proof of this will appear in the muscleceurves of fatigue or in 
eurves illustrating the origin of tetanus by stimulation of increasing 
frequency. The result of these experiments was however quite a 
negative one, i.e. neither in the acute experiment, nor in the 
chronie one with degenerated sympathetic endplates, was there 
any essential difference in the muscle curves of the 2 gastroenemii, 
of which one was deprived of its sympathetie innervation. 

In the acute experiments the two largest ventral roots’ of the 
Nn. ischiadiei were put on the electrodes, to stimulate the nerves 
centrally of the sympathetie chain aiming to avoid the post ganglionie 
neurones from being stimulated. In the chronie experiments the Nn. 
ischiadiei were stimulated in the abdomen. 

Small differences between the 2 curves of fatigue were perceptible, 
but these did not point in all cases in the same direction. In some 
cases tbe “Verkürzungsrückstand” in the muscles deprived of their 
sympathetie innervation was less evident than in the normal gastroc- 
nemius. In other cases just the opposite took place. Besides, curves, 
taken as a test, of the 2 gastroenemii of normal frogs, often showed 
similar small differences. It is noteworthy that all precautions were 
taken in these experiments to obtain a great regularity and equal 
intensity of the stimulations. I used therefore an induction apparatus 
with the usual waterwashed mereury contacts after KronEcker. A 
very considerable resistance was interpolated in the secondary 
eireuit (120.000—150.000 Ohm). The stimulations were given by 
a metronome. Thanks to all these precautions the curves generally 
showed a beautiful regularity. The stimulations were always either 
"make —or break — induction shocks; the impulses of contrary direction 
were eliminated by the well-known method of PFLügEr. 
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Also in similar experiments on the genese of tetanus, nO essential 
differences pointing in one special direction between normal frog 
inuseles and those deprived of their sympathetic innervation, could 
be observed. 

We come therefore to the eonelusion that until now not a single 
experimental fact exists, pointing clearly to a direct connection 
between tle mechanical tonus of the muscles in the sense of 
Bronpeerst, and the sympathetic nervous system. As regards to the 
initial hypotonus oeeurring in ıny experiments, the solution of this 
question ougbt to be given by further experiments. Special attention 
ought to be drawn to the fact already mentioned, that this hypo- 
tonus in the experiments of v. Brückk disappears already some days 
after the extirpation of the sympathetie. At all events the commu- 
nication of von Brück& has considerably weakened pk Boer’s theory. 
This as regards the mechanical muscle tonus. 

I have now to refer briefly to the chemical muscle tonus. 
G. Mansrenp and A. Luräcs') communicated experimental facts from 
which they derive the existence of a so-called chemical museletonus, 
by which term is expressed ‘the view that striped muscles would 
have a certain amount of metabolism, also when they are at rest. 
This metabolism would be under the influence of the sympathetic 
nervous system. At first I thought?) that the experiments, published 
by these investigators, were not convineing, and lately I briefly 
explained’) my former objections against them. 

Since I have come to the conelusion that the critieism given by me 
is not sound, I recall it. All the same, the authors might have based their 
result even better, if they had made direct gasanalyses of the blood 
streaming to and from the muscles concerned. If the result of these 
analyses should confirm their former results, only then there could 
be no more doubt with regard to the accurateness of their result‘). 

The objeetion might yet always be raised against {ke respiratory 
analyses executed on the whole animal, that their result might 
be dependent on the fact, that by the extreme vaso-dilatation in 
the hind part of the body of their animals, too little blood 
remained in the fore part of the body, to preserve a fit exchange of 
gas in the muscles there, so that the respiratory metabolism might 


1:6; 
?) Pflüger’s Archiv. Bd. 166, 1916, p. 152. 
®) Archives Neerlandais de Physiologie, tome II, 1918, p. 177. 


#) A similar method as the one used by LAnGLeY and Iracarı for their expe- 


riments on the oxygen use of denervated muscle, came into consideration (Journal 
of Physiology, 51, 1917, p. 202). 
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considerably be lessened by too small an exchange of blood within 
these museles. This factor eventually might have lowered the total 
gasexchange of their animals, as has been shown by their experiments. 

Whetber this objection. has any ground cannot be made out 
without experiment, but it proves anyhow, that the experiments by 
MANsFELD and I,uräcs are as yet not indisputable. 


Until now we always accepted as a fact in all the experiments 
and speculations communicated, that the syınpathetic nervefibres of 
Bosse are centrifugal sympathetie nervefibres, a supposition for 
which several very evident histological arguments might be cited, 
but which has not been proved, as I said already once more. 

This has been proved lately by a research ad hoc by Prof. Borke 
and me and besides by some similar experiments, made indepen- 
dently of us by AGDuHRr. 

If those nervefibres of Bosk# were indeed centrifugal sympathetic 
nervefibres, then it ought to be possible to preserve these in “pure 
‚ eulture’’ in the striped muscles, by section of the ventral nerve roots 
leading to one or more museles, and extirpation of the correspond- 
ing spinal ganglia. After this section all the cerebro-spinal motor 
nervefibres with their so-called endplates of Künns together with all 
the sensory fibres and organs in the muscles eoncerned ought to 
degenerate. 

Granting that Borke’s fibres are centrifugal sympathetie nervefibres, 
whose praeganglionie neurones have their origin in the spinal cord, 
leave the cord with the ventral root and terminate round the cells 
of the post-ganglionie neurones in the ganglia of the sympathetie 
chain those fibres of Borkr ought to remain unaltered in a similar 
experiment. A look on the following scheme illustrates the concep- 
tion on wbich these experiments are ‚based. (Fig. 4). 

The intercostal museles of dog and cat have served as object for 
this experimental histological investigation, because the metamerie 
arrangement has been best preserved in these muscles. There is no 
fear here for. confusion caused by the plurisegmental innervation. 
The result of these experiments has been, that the nervefibres and endpla- 
tes of Bowkr remained intact in the muscles between the ribs. All the 
motor cerebro-spinal nervefibres and endplates, as well as the sensory 
muscle-organs had disappeared. 

Numberless amyelinic axiscylinders were preserved in the peripheral 
nerves (intercostal nerves) and beautiful accessory nervefibres and end- 
plates of Boeks in the muscles., By this result it has been proved that 
these nervefibres are indeed centrifugal sympathetie nervous systems. 
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Acpunr obtained the same result with the muscles of the bindleg 
of the cat by section of the peripheral nerves distal of the spinal 


‘a == nervecell of the praeganglionie sympathetic neurone. 

b = nervecell of the postganglionic sympathetie neurone. 

c = ganglion of the sympathetic chain. 

d = the spinal ganglion cell. 

the degenerated nervefibres have been drawn in a blocked line. 

= accessory endplate of Borke, preserved in “pure culture”. 

2 = degenerated endplate of Künse (the ordinary motor endplate) (disappeared). 
3.= degenerated sensory organ in the muscle (disappeared). 


m 


ganglia, but central of the origin of the rami communicantes grisei. ') 


The question that arises is consequently: What is the funetion 
of. the fibres and"accessory endplates of Bouks? 


I) See the foregoing communications. 
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After all we know about it, it is very improbable that they have 
anytbing to do with the mechanical muscletonus, known as the 
BronDeEest tonus. It is very probable that this one is exclusively 
due to the simple motor nervefibres. While considering this, the 
“chemical muscletonus” oceurs to us, the existenee of which and 
its dependence on the sympaihetie nervous system, if not proved, 
is certainly not made unplausible by Mansrerp and Luräcs. When 
we realize these two hypotheses, most of the diffieulties and stıange 
eontradietions, created by ps Bour’s theory, which are evident in 
van RıssBerR’s table, disappear. 

By the formula, just mentioned, the mechanical muscle tonus 
being governed by the cerebro-spinal nervefibres, the chemical one 
by the centrifugal sympathetie system of Boxk&, these diffieulties 
disappear altogether and with them an important factor of confusion 
has been done away with. Van RisJnBERK reproached me for having 
‚eontributed only critical work with negative results; nobody better 
than I myself realize this; yet I believe that this work was 
necessary and I find the best argument for this in the two 
preceding hypotheses. I hope that these hypotheses will shortly be 
based on indisputable experimental facts. In my opinion everything 
points to it that this will be highly probable. I shall be the last to 
maintain that by these facts our knowledge of the nature of the tonus 
of the striped muscles has been much deepened. What the tonus 
really is, is as obscure and mysterious as before. 


Physies. — “The Unidirectional Resistance of Orystal Detectors’”. 
By M. J. Hoizınga. (Communicated by Prof. H. Haca). 


(Communicated in the meeting of November 30, 1918). 


In a former communication (e.f. these Proceedings September- 
meeting 1916) the eleetrolytice phenomena ofthe molybdenite-detector 
have been described. These phenomena made it likely that the 
rectifying power in this erystal contact is not due to thermo-electric 
effects as is usually thought to be the case, but to the E. M. F. of 
electrolytice polarisation. 

The question whether one is entitled to extend this conelusion 
also to other erystal detectors was discussed in my doctor-thesis 
(Groningen 5 Juli 1913). 

The present communication gives the results there described. 


$ 1. Nature of the electrolytie products in the molybdenite-contact. 


If a platinum point is placed on a molybdenite-erystal and a current 
of about one milliampere is sent from the erystal to the platinum, 
a small quantity of a dark blue liquid will be developed. The spot 
of liquid will not expand with a stronger current, as the additional 
heat of the current brings about a quicker evaporation. Therefore 
repeatedly a tiny drop .of distilled water was put on the place of 
contact and every time was sucked up again as soon as, usually 
after some seconds, it had got a dark blue colour. In this way a 
few c.c. of this solution were obtained. In the chemical Laboratory 
of Groningen (director Prof. Jawser) this liquid was examined, leaving 
after evaporation a blue residue MoO,, MoO,,6H,0; a colloidal sub- 
stance which when exposed to the air, oxidised slowly into MoO,. 

If the current is sent through the detector in the opposite direc- 
tion, e.g. from the platinum to the molybdenite, the brown substance 
developed can easily be obtained in large quantities by eleetrolysis 
of some diluted acid between electrodes of molybdenite. This brown 
colour must be attributed to the colloidal sulphides MoS,, MoS,. 


$ 2. Other detectors. 


A second deteetor-combination in which phenomena ofelectrolysis 


M. J. HUIZINGA: “The Unidirectional Resistance of 


Crystal Detectors”. 


Ammoniumsulfaat oplossing - 
en OAluminiimdraad 


60 
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Proceedings Royal Acad. Amsterdam. Vol. XXI. 
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could be observed is that of ironpyrites and platinum; these pheno- 
mena are most distinet when the place of contact is such as to 
bring about the strongest unidirectional resistance. In this case the 
eurrent must flow from the erystal to the platinum needle, which 
in this contact is the weaker current, in contradistinetion to the 
molybdenite-contact, a fact which is at once obvious from the perusal 
of the characteristies_of rectitication (cf. below). Here the products 
of electrolysis consist in a black and a colourless liquid, from the 
latter of which colourless ‚erystals usually secrete. The phenomena 
of electrolysis are much weaker than in the molybdenitedetector. 
Tbe applied E. M. F. may not amount to more than 5 volts because 
the unidirectional resistance together with the eleetrolysis will then 
disappear. This disappearance of the unidirectional resistance has 
already been found by Fıowzes for a galenacontact. 

Galena, zincite, copperpyrites, copperglance, bornite and carbo- 
rundum detectors were also examined. With these contacts no indi- 
cation of any electroulysis was found. With galena only sometimes 
a dark spot on the place of contact was visible. Though electrolysis 
was brought about here by moisture, yet it usually stopped after 
some moments on account of evaporation of the liquid. However, 
every time the unidirectional resistance was considerably increased 
through this operation, and the direction of greatest resistance 
remained the same as in a fresh contact. 


$ 3. Experiments in vacuo. 


We were not far wrong in supposing that the unidirectional 
resistance was the consequence of the electrolysis in a damp film 
in which the originally imperceptible products of electrolysis, if 
hygroscopie, can extract particles of moisture from the air, so that 
the electrolytice products become visible. The latter would be the 
case with ironpyrites and molybdenite. 

A research in vacuo and in hydrogen showed that the unidirectional 
resistance of the molybdenite detector continued to exist, the electro- 
Iysis, however, not being perceptible now. Nevertheless the uni- 
directional resistance may in this case still be attributed to an adhering 
layer, for this layer can only be removed with difficulty and 
evidently evacuation is [wholly | insuffcient to effect this. 

The unidireetional resistance continued to exist also under a layer 


of paraffin oil, while it was also impossible here to discover tle 
. electrolysis. However, from this experiment the inference should 


not be drawn that the eleetrolysis is only a secondary phenomenon 
not causally connected with the unidirectional resistance. 
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This does not become obvious unless one draws the characteristics 
of reetification representing the relation between the E.M.F. applied 
to the contact and the current passing through. 


$4. The observations for the characteristics. 


As the intensity of the current passing through is not only a 
function of the applied E.M.F. but also depends upon the time the 
current has already passed, the characteristic curve will be found 
to alter with time. One must therefore determine the curve by means 
of a sufficient number of observalions, all of them taken within as 
short a time as possible. As mirror-galvanometers are generally too 
“slow”, “Präzisionsinstrumente” of Sırmens and HALSKE were used, 


10°” AMP 
won 
Oo 
y 


60 VOLTS 


which indicate the exact intensity of the current instantaneously 
and, as they are pointing instruments, are easy‘ to read. 

The connections are shown in Fig. 1. The crystal X usually: 
floated on mereury which formed at ihe same time the one electrode. 
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By means of the binocular mieroscope M the place of eontaet could 
be examined. This figure also shows that by means of the copper- 
wire DB, the detector could be brought into contaet with the Wulf- 
eiectrometer Z. In order to know to what voltage the displacement 
of string corresponded, the electrometer was connected to the poten- 
tiometer P, by replacing B, by the u-shaped B,, thus connecting 
the mercury cups 1 and 3. After. the electrometer had again obtained 
the same deflection, the voltage was read from the voltameter. More- 
over the contact could be tested as a detector. To this end electric 
oscillations were excited in the system S, and induced into the system 
S,. By removing‘ B and making the contact A, the detector was 
brought into the system S, having &a telephone 7, Its action 
as a detector was judged by the intensity of sound in the 
telephone. 


$ 5. Characteristies of electrolytic detectors. 


The characteristic of the electrolytie detector distinctly shows that 
the deviation from Ohm’s law in this detector will have to be ex- 
plained by the counter E.M.F. of polarisation in consequence of 
electrolysis'). The characteristie (curve a in fig. 2) can be represented 


by the formula ee in which / is the current, Z the applied 


R 
E.M.F.,and AR a constant resistance, e the E.M.F. caused by pola- 
risation. : 

This E.M.F. of polarisation increases together with the applied 
E.F.M. and will reach a maximum of about 3 Volts, as indicated 
by eurve d. As soon as the E.M.F. of polarisation has reached this 
maximum, the characteristice will change into a straight line inter- 
secting the horizontal axis at the point accurately representing the 
maximum value of the E.M.F. of polarisation. 

This maximum found with the aid of the characteristic, may also 
be obtained by direct measurement with the Wunr electrometer. 
If this E.M.F. of polarisation did.not occur, the characteristie would 
be represented by the straight line ce through the origin, parallel to 
the straight part of curve a. If the applied E.M.F. is represented 
by the line OP, RQ will represent the E.M.F. of polarisation which 


can be deduced from the characteristic. The /? may then be called tlıe 
E E 
. “real resistance” of the detector and -—— R the “apparent resi- 


ee 


9’ ArMmAGnAT. Journal de Physique, V, pag. 748, 1916. 
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stance”. The real resistance is therefore represented by the angle 
which the straight part of the characteristie forms with the axis of 


o. MLLPAAD 


Fig. 2. 


ordinates while the point of intersection of the extension of this 
straight part with the axis of abscissae indicates the maximum E.M.F. 
of polarisation. If the current is sent through this eleetrolytie detector 
in the other direction, the same curve will be obtained '), which 
for this deteetor is symmetrical with respect to the origin. When 
using a constant auxiliary E.M.F., the centre can be brought 
outside the origin. The same voltage will then yield a different 
intensity of current according to the direction in which it is applied, 
i.e. the electrolytic detector with auaxiliary E.M.F. has a unidirec- 
 tional resistance. ; 

If the platinumpoint is replaced by a thin wire of copper or 
.molybdenum the detector will also exhibit an unsymmetrical charac- 
teristice without any auxiliary E.M.F. It will then have the shape 
of the curve FI (ef. fig. 3 on the folding plate). The real resistance °) 
is equal in both direetions as will appear from the fact that the 
two linear parts are parallel, but the maximum value of the E.M.F. 
of polarisation is different in the two cases and amounts to about 


!) The platinum point should not be taken too small here. 

?) Remark. As the readings of the voltameter and milliammeter are plotted 
directly, the “real resistances’”’ R derived from the characteristics of fig. 3 are all 
of them 100 Ohms too large, as obviously the resistance of the milliammeter 
(100 £2) is included. This does not however influence the above discussion. 
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2,2 Volts, if the current passes from the sulphurie acid to the 
molybdenumpoint. It is about 0,75 Volt in the opposite direction. 
This much smaller E.M.F. of polarisation will according t0O ARMAGNAT 
be found if the anode consists of a metal soluble in the liquid. 

A peculiar phenomenon, not observed by ArMaGNAaT occurs when 
the molybdenum- or copperelectrode is reduced io half a m.m. or 
less. While the charatteristic. II in the tirst quadrant changed but 
little — only the slope ot the straight part will become smaller, 
hence the real resistance is increased —, the negative branch of the 
eharacteristie in the 3'd quadrant is straight and runs through the 
horizontal axis. Only when the applied £. M. F. exceeds the amount 
of about 20 Volts a strong current may suddenly be observed. The 
high apparent resistance may then be restored again as soon as the 
applied #. M. F. is decreased to the former value. The particular 
phenomena of electrolysis occurring in a very small electrode in 
consequence of strong current density evidently cause the dissymmetry 
so well to be marked here. The accompanying colloidal oxide 
Mo, ©,, points to a possible relation between these phenomena and 
those taking place in the aluminium rectifier. Indeed, the characte- 
ristie A of a rectifier, obtained by placing in a solution of ammo- 
niasulphate an aluminium wire of 1 m.m. thiekness an J] e.m. length 
opposite a large platinum electrode, agrees with the characteristie 
FII. The rectifying power is attributed by Schurze and TAYLok !) 
to a thin film of oxygen fixed by a layer of aluminium-hydroxide. 
Schulze also found the same behaviour for many other metals. In 
the 3'd quadrant the characteristice A remained horizontal to about 
25 Volts. Usually the resistance suddenly diminished with a stronger 
E. M.F., a layer of aluminium hydroxide detaching from the point. 
The rectifying power was restored again as soon as the applied 
E.M.F. was diminished. CLARENCE GRrEENE ’) has shown that the 
horizontal part of the characteristic of the aluminium reetifier is due 
to an E.M.F. of polarisation counteracting the applied Z&. M. F. 

Summarizing one may say that the characteristics of the electro- 
Iytic detectors generally have the shape of the curve FI with two 
parallel straight parts. It may happen that one branch is not fully 
developed. It is not necessary that the centre of the characteristie 
oceurs at the origin. 


$ 6. Characteristies of erystal rectifiers. 
Molybdenite-platinum. In considering the characteristie of a 


ı) A. H. Taytor. Wiedemanns Annalen 30, pp. 984, 998, 1016. 
2) CLARENCE GREENE, Phys. Review, 2"d Ser. Vol. II, 1914. 


81 
Proceedings Royal Acad. Amsterdam. Vol. XXI. 
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sensitive molybdenite-platinum detector E,I, the straight part in the 
first quadrant is very prominent. This part was obtained by sending 
the current from the erystal to the point and was measured before 
the eleetrolysis had become perceptible. Evidently the curve may be 


—e } 
‚in whieh R is the con- 


represented again by the formula / = 


stant real resistance and e a hypothetical counter E.M.F. That the 
real resistance is represented by tlie slope of the straight part appears 
when a series of very brief current impulses is sent through the 
contact. We then. find successively the characteristics #, ll and Z, III, 
which in the first as well as in the third quadrant approach more 
and more to a straight line through the origin parallel to the straight 
part of the other characteristics. This will still be clearer when we 
consider the characteristics of a number of other detectors. 

In this case also we may assume the existence of a counter 
E.M.F. with a maximum of about 1.1 Volts, though the latter eould 
not be detected with the Wurr eleetrometer. For, if the current is 
passed for some time longer, so that the electrolysis becomes clearly 
visible with the mieroscope, the characteristic of the contact changes 
from ZI to E,IV. If further the contaet pressure is diminished, 
curve Z, V will be obtained showing again clearly the unidirectional 
resistance. If finally this erystal, after some further electrolysis, is 
connected with the Wurr electrometer a polarisator E.M.F. of 1.1 Volts 
will be measured. During this gradual transition of the characteristie 
E,1 into .E,IV the real resistance remains constant and this proves 
that the unidireetional resistance of the contact even without any 
electrolysis being visible, must be attributed to an electrolytie counter 
E.M.F. in an extremely thin film. 

With strong currents the straight part becomes curved, the eoncave 
side being towards the vertical axis. In the 3'd quadrant no straight - 
part can be obtained at all. This is due to the deerease of the real 
resistance of similar substances‘) with rise of temperature. With 
molybdenite the conduetivity is doubled already with rise of tempe- 
rature from 0—200° C.?). It appears from the quick evaporation 
of a drop of oil placed on the point of contact that this rise in 
temperature caused by a current of 0.03 Amp. is considerable. 

Carborundum-steel. With the very sensitive carborundum-steel 
detector no phenomena of electrolysis could be seen. Nor was it 
possible, except by applying a strong E.M.F. to change the charae- 

I) O. Reicnenheim, Ueber die Elektrizitätsleitung einiger natürlich kristallisierten 


Oxyde und Sulfide und des Graphits. In angural Dissertation, Freiburg 1906. 
?) A. E. Frowers, Phys. Review Ist.-Ser., Vol. XVII, 1909. 


“ 
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teristie D. The particular shape. of the curve, especially in the first 
quadrant can hardly be explained in an other way than by a counter 
E.M.F. with a maximum of about 12.5 Volt. 

Zincite-bornite. The characteristie @ of a zineite-bornite contaet 
corresponds exactly to curve Fl. Exactly the same characteristics 
belong to the combinations zineite-copperpyrites and zineite-copper- 
glance. The straight parts eut the axis at — 0,4 and +5 Volts. If 
further a succession of current impulses is sent through, the straight 
parts of the characteristics undergo’ parallel displacements. The same 
shifting is found in the characteristics obtained by bringing every 
one of the components into contact with a platinum point. 

Zincite-platinum. If a succession of eurrent impulses was passed 
through, the curve CI gradually changed into the straight line IV. 
The slope of the straight part‘ of curve I consequently gives the 
real resistance and further proves, in the way shown above, the 
existence of a counter E.M.F. of 0,4 Volt. Hence it follows that in 
the other direetion a counter E.M.F. must be found as well. Indeed, 
with some characteristics a straight part did occur in the first 
quiadrant, cutting the axis at about + 3 Volts. The following cha- 
racteristic e.gq. was obtained. 

From zincite to platinum 

0.25 0.5 0.75 1.0 1.25 1.5 1.75 2.0 2.25 2.5 Volt 

BE ua 1950 29.5 X 0.0007 Ampere 

2.75 3.0 3.25 3.5 3.75 4.0 4.25 4.5 4.75 Volt 

10 11 14 20 31 42 52 63 74% 0.0001 Ampere. 

From platinum to zineite 

3707510 125,515 1,75,,2,0,Volt 

35247833, 45, 1,385 1,67.% .0.0001..Ampere 

220.25 .,22558:0:,3:25 - 3:5; 3.75.40. Volt 

7 8 98 108 118 129 140 150% 0.0001 Ampere. 

Bornite-platinum. This combination shows the greatest resistance 
when the current passes from metal to erysial, see BI. A very 
slight impulse already causes the straight line BIl to appear. The 
same eurve is obtained by the combination copperglance-platinum 
and chalcopyrites-platinum. The straight part points to a counter 


-E.M.F. of 0,4 Volt. It is remarkable that after reversal of the applied 


E.M.F., the eurrent usually remains steady for about three seconds 
and then falls in a discontinuous way. The same phenomenon also 
oceurs in other erystal contacts, but was most frequently observed 


with the elecetrolytie detector. er 
lf we compare curve Bl and CI, it is clear why the zincite- 
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bornite deteector has such a strong unidirectional resistance. For, 
curve @ may be regarded as a superposition of curves C’Iand BI, 
the latter first being turned 180°. 

Zivpcite-molybdenite. In order to test this statement, the erystals 
zineite and molybdenite, each of which in combination with platinum 
exhibits such different characteristies, can be brought in contact 
with each other. That this contact has a very pronounced unidirect- 
ional resistance, appears from the following characteristie. 


From zineite to molybdenite 
Er Aal ade ae Eee 
12 4 6 7 912 14 18 29 49 79 X 0,0001 Ampere. 


From molybdenite to zincite 
0.5.1.1... 35 25: 3,3% 4 AS aan 
155 15 26 39 51 64 75 86 98 110 123 x 0.0001 Amp. 


Moreover it follows that the unidirectional resistance of the zineite- 
platinum contact must be attributed to the same cause as that of 
the molybdenite contact, e.g. to electrolytie polarisation. 

Galena-platinum. A gelena detector usually yieided a charact- 
eristic agreeing with curve BI. Occasionally the characteristic agreed 
more with curve CI, the resistance being now greatest in the 
opposite direction. Both curves soon altered with time. Curve XI 
was obtained after a current of 0,005 Amp. had first passed during 
15 minutes through the contact from the galena to the platinum, 
the contact pressure being very slight. It was not possible to extend 
the curve into the first quadrant because with too high a voltage the 
curve would again pass into curve III. If a current of 0.01 Amp. 
was now sent from platinum to galena during 15 minutes, the 
characteristie X II was obtained. Curves I and II clearly show that 
the real resistance of the contact is represented by curve III and 
is the same in all three cases. Curve | points to an E.M.F. of 
polarisation with a maximum of 0,25 Volt, whereas the maximum 
in the other direction could not be measured. Curve II points to 
two maxima; 1,4 Volt and 0,1 Volt. The existence of these two 
characteristics can hardly be attributed to anything else than to 
changes caused by the passage of the eurrent through the contact 
which can only be of an electrolytic nature. 

Ironpyrites-platinum. The characteristice FH of an ironpyrites- 
platinum contact does not show anything new after the preceding. 
Bleetrolysis was only observed in this erystal under the microscope 
after we were satisfied, on the authority of the above considerations, 
that the unidireetional resistance is due to electrolytie polarisation. 
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Summary. 


Electrolytie phenomena have been observed with the molybdenite 
detector and the ironpyrites detector; the Z. M. F. of polarisation is 
the cause of the difference of current intensity by reversal of applied 

The characteristie curves for these detectors were compared with 
those of other erystal detectors and of the electrolytie detector. From 
the similar shapes of the characteristies it has been concluded that 
with all the crystal detectors examined, though no products of elec- 
trolysis are visible, the unidirectional .resistance is to be attributed to 
electrolytic polarisation in a moistened- or a gasfilm adhering to the 
surface. 

The resistance of most of the crystal detectors employed in wireless 
telegrapy is less than it is usually thought, and as a rule does not 
exceed 100 Ohms. 
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1066, 
1067, 


1067, 
1067, 


1075, 


E'RR’ANT A, 


Proceedings Vol. XXI n’. 8. 


line 1 from bottom: For “and” read “for”. 

line. 2: For “this ceases after some time. When the 
voltage is raised further”, read “this ceases after some 
time. The wall of the bulb however has got covered by 
a gray-blue layer. When the voltage is raised further,’ 
line 3: For “glass” read ‘deposit’. 

line 4: For “layer is vaporized’ read “is formed”. 
For “By this vaporized material the bulb wall becomes’ 
read “By this vaporising of material however the bulb 
wall becomes’. 

‚ line 5: For “Now this” read “so that the” 

‚line 14 from bottom: For “hydrogen” read “water- 
vapour”. 

‚line 12 from bottom: For “volume f” read “volu- 
meter f”. 


‚ line 12 from bottom: For “the oxides do not remain 


therefore oxides” read “the oxide dissolves in the glass”. 


‚line 19: For “G. conclusions” read “G. coneluding 


remarks’. 

‚ lines 2 and 3 from bottom: For “25, 661 (1916), 26, 
595 (1917)” read “19, 958 (1916), 20, 1136 (1917)”. 
‚lines 13 and 14: For “that part of the troublesome 
gases in a glow-lamp are only liberated” read “that 
only a part of the troublesome gases in a glowlamp is 
liberated’’. 

‚ line 19 from bottom: For “Cu, (PO,),” read “Ca, DIT 
‚ line 18 from bottom: For “magnesium-sulfate” read 
“magnesium-aluminate”. 

lines 3 and 2 from bottom: For “Thus the CaO — 


when such a silicate is used — from the glass will be 
sublimated” read “Thus the CaO from the glass — 
when such a silicate is used — will be sublimated”. 


line 23: For “gradual” read “after some time”. 


Page 1075, 


Page 1076, 
Page 1076, 


Page 1076, 
Page 1077, 
Page 1077, 
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line 8 from bottom: For “which could only be bound 
by 0,0015 mg Si” read “wliich could be bound by only 
0,0015 mg Si”. 

line 15: PorT7"Na,0” read “Na,0”. - 

line 23: For “that intensively emits electrons” read 


“that does not or very little emit eleetrons”. 
u 


line 2 fronr bottom : For “in” read “on”. 

line 2: For “colour” read “deposit’”. 

lines 7 and 6 from bottom: For “only quantities of the 
order of magnitude of 0,001 mg Si show a detectable 
activity” vead “quantities of the order of magnitude 
0,001 mg Si show already a detectable activity”. 
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